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Abstract
We propose a systematic theoretical framework for the topological amplitudes of the heavy meson decays
and their SU(N) decomposition. In the framework, the topological amplitudes are expressed in invariant
tensors and classified into tree- and penguin-operator-induced diagrams according to which four-quark op-
erators, tree or penguin, being inserted into their effective weak vertexes. By decomposing the four-quark
operators into irreducible representations of SU(N) group, one can derive the SU(N) irreducible amplitudes
from the tensor form of the topology. Taking the D → PP decay (P denoting a pseudoscalar meson) with
SU(3)F symmetry as an example, we show our framework in detail. The fact that some topologies are
not independent in the SU(3)F limit is explained by group theory. It is found that there are only nine
independent topologies in all tree- and penguin-operator-induced diagrams contributing to the D → PP
decays in the Standard Model. If a large quark-loop diagram is assumed, the large ∆ACP and the very dif-
ferent D0 → K+K− and D0 → pi+pi− branching fractions can be explained with a normal U -spin breaking.
Moreover, our framework provides a simple and systematic way to analyze the SU(N) breaking effects. As
examples, the linear SU(3)F breaking and the high order U -spin breaking in charm decays are re-investigated
in our framework, which are consistent with literature. We propose the concepts of splitting and degen-
eracy of topologies, and use them to describe the charm-less bottom decay. We find SU(3)F analysis for
the charm-less B decays is different from the D decays because the charm-quark loop is beyond the SU(3)
symmetry and should be investigated in the symmetry breaking chain of SU(4)→ SU(3).
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I. INTRODUCTION
Heavy quark nonleptonic decays provide an ideal flatform to test the Standard Model (SM)
and search for new physics. A tremendous amount of data on the heavy hadron (especially B/D
meson) decays have been collected by experiments in the last few decades [1]. In particular, the
LHCb Collaboration observed the CP violation in the charm sector with 5.3σ recently [2], which is a
milestone of heavy flavor physics since it fills the last piece of the puzzle of the Kobayashi-Maskawa
(KM) mechanism [3, 4]. In theory, several QCD-inspired approaches are established to calculate
the nonleptonic B meson decays, such as QCD factorization (QCDF) [5–8], perturbative QCD
approach (PQCD) [9–12], and soft-collinear effective theory (SCET) [13, 14]. However, the QCD-
inspired approaches do not work well in the D meson decays because the expansion parameters
αs(mc) and ΛQCD/mc are bigger than the ones in the B decays. It remains to be seen if the heavy
quark expansion (HQE) can be applied to the charm sector [15, 16].
An alternative way to investigate the heavy meson decays is the flavor symmetry analysis. This
method bypasses form the dynamic details and hence was widely used in studying charm/bottom
meson [17–57], baryon [58–81] and even stable tetraquark [82–85] decays. There are two popular
approaches based on the SU(3) (or other SU(N)) flavor symmetry. One is the topological diagram
amplitude (TDA) [23–46] approach, in which the topological diagrams are classified according to
the topologies in the flavor flow of weak decay diagrams, with all strong interaction effects induced
implicitly. It is intuitive and helpful for understanding the internal dynamics of hadron decays,
providing a framework in which we cannot only do the model-dependent data analysis but also
make evaluations of theoretical model calculations. The other method is the SU(3) irreducible
representation amplitude (IRA) [47–53] approach which is blind to the dynamic mechanics. The
SU(3) irreducible representation amplitudes are expressed in the tensor form [47]. The Wigner-
Eckhart theorem [86, 87] ensures that there is one constant (reduced matrix element) for each
invariant tensor. Both the TDA and IRA approaches can include the flavor symmetry breaking
effects. The first order flavor SU(3) breaking has been analyzed in the irreducible amplitude [52]
and the topological amplitude [88, 89] approaches.
The TDA and IRA approaches seem to be equivalent in the SU(3)F limit. The equivalence
between them was discussed as early as in 1980 [22–24], and followed by other literature such
as Ref. [90]. But what they done is expanding the decay amplitudes in the two approaches and
extracting the equivalence relations by comparing the decay amplitudes. The internal correlation
between them is unclear. An instructive attempt to solve the relation between the topological
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amplitude and the SU(3) irreducible amplitude was done in Refs. [91, 92]. In their work, a bridge
between topological diagrams and invariant tensors constructed by the four-quark operators and
the initial and final states was built. It shows that the difference between the SU(3) irreducible
amplitude and the topological amplitude is whether the four-quark operators are decomposed into
the SU(3) irreducible representations or not, and the equivalence relations between them can be
derived by a simple calculation. However, there are some mistakes in the SU(3) decomposition
and hence the classification of topologies in [91, 92] is ambiguous. A complete and self-consistent
framework of the topologies and their SU(N) decomposition for the heavy hadron decays has not
been established yet.
The goal of this paper is to propose a systematic theoretical framework for the topological
amplitudes of heavy meson/baryon decays. For this purpose, a one-to-one mapping between the
topological diagram and the invariant tensor is set up. Then some mathematical techniques can
be introduced to study the topological amplitudes. For example, the amount of possible topologies
contributing to one type of decay is counted in permutations and combinations. And the SU(N)
irreducible amplitudes are derived from the tensor form of the topologies by decomposing the four-
quark operators into irreducible representations. Taking the D → PP decay as an example, we
show our framework in detail in this work.
A direct but attractive achievement of our framework is the explanation of the independence
of the topological amplitudes. In some of the earlier literature, such as Refs. [22–24], it has
been noticed that one of the topologies in the D and B meson decays is not independent in
the SU(3)F limit. This conclusion still holds when the diagrams with quark loop are included
[91, 92]. Moreover, Ref. [88] pointed out that matrix linking T , C, E and A diagrams to the
physical amplitudes has only rank three in the case of only the D → PP modes without η(′) being
analyzed. But it is no longer correct when η and η′ are taken into account [33, 93]. In this work,
it is found that above conclusions can be be explained coherently in group theory, in which some
specialities of SU(3) group play a crucial role.
In order to match the tensor form of topology, we suggest to classify the topologies in the
Standard Model into tree- and penguin-operator-induced diagrams according to which operators,
tree or penguin, being inserted into the effective vertexes, no matter whether the topologies in-
volving quark loop or not. It is found that once the tree-operator-induced topological amplitudes
are given, the penguin-operator-induced topological amplitudes are completely determined. There
are nine independent tree-operator-induced diagrams contributing to the D → PP decays. Five
of them, namely T , C, E, A and TLP , are not suppressed by the hard gluon exchanges. If we
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assume the quark-loop diagram TLP is comparable to other four diagrams, the large ∆ACP and
the very different D0 → K+K− and D0 → pi+pi− branching fractions can be explained together
with a normal U -spin breaking. Analogy to the charm meson decays, we deduce that a sizeable CP
violation might exist in Ξ+c → pK−pi+ mode and hence could be used to search for CP violation
in the charmed baryon decays.
In addition, our framework provides a simple and systematic way to analyze the SU(N)F
breaking effects. The linear SU(3)F breaking [88] and the high-order U -spin breaking [94, 95]
in charm decays are re-investigated in the tensor form of topology, which are consistent with the
original literature. We propose the concepts of degeneracy and splitting for topological diagrams
to describe the relation between topologies and symmetry of the physical system, being analogous
to the degeneracy and splitting of energy levels in atomic/nuclear physics. As an application,
we discuss the charm-less B/strange-less D decays based on the flavor symmetry breaking from
SU(4)/SU(3) group to SU(3)/SU(2) subgroup.
The rest of this paper is organized as follows. In Sec. II, a model-independent analysis for
the topological amplitudes and the SU(3) irreducible amplitudes will be presented. The fact that
some topologies are not independent will be explained. In Sec. III, we shall study the topologies
in the Standard Model and analyze the observed CP violation in the D0 → K+K− and pi+pi−
decays. In Sec. IV, we will generalize our framework to the flavor symmetry breaking effects and
discuss the degeneration and splitting of topologies. And Sec. V is a short summary. Besides, the
topological amplitudes and SU(3) irreducible amplitudes in the D → PV decays will be presented
in Appendix A. And the SU(3) decomposition of operators in the b-quark decays will be discussed
in Appendix B.
II. MODEL-INDEPENDENT ANALYSIS
In this section, we study the topological amplitudes and the SU(3) irreducible amplitudes
model-independently, taking the D → PP decay as an example.
A. Topological amplitude
The weak Hamiltonian of charm decay in a general effective theory can be written as
Heff =
∑
p
3∑
i,j,k=1
VCKMO
(p)k
ij , (1)
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in which
O
(p)k
ij =
GF√
2
∑
color
∑
current
Cp(qiqk)(qjc). (2)
O
(p)k
ij denotes the four-quark operator with the Fermi coupling constant GF and the Wilson coeffi-
cient Cp. VCKM is the product of the CKM matrix elements. The indices i, j, k of O
(p)k
ij are flavor
indices, 1 = u, 2 = d, 3 = s. Superscript p in O
(p)k
ij denotes the order of perturbation. For example,
one can set p = 0 for tree operators and p = 1 for penguin operators in the SM. For certain p, O
(p)k
ij
has 3 × 3 × 3 = 27 possible flavor structures. For each operator O(p)kij , there are two ”vertexes”.
The light quark qj exits from the vertex that c quark annihilates, and quark qi and anti-quark qk
exit from the other vertex. The color indices and current structures of four quark operators are
summed because once the flavor structure of operator is determined, the operators with different
color indices and current structures are always appear simultaneously and their contributions can
be absorbed into one parameter. If the product of CKM matrix elements corresponding to operator
O
(p)k
ij is labeled by (H
(p))ijk , the effective Hamiltonian of charm decay can be written as
Heff =
∑
p
3∑
i,j,k=1
(H(p))ijk O
(p)k
ij . (3)
In above notation, (H(p)) is a 3× 3× 3 complex matrix and (H(p))ijk is a component of matrix. In
the rest of paper, we will call (H(p))ijk as the ”CKM component”.
To illustrate above convention more clearly, we re-write the effective Hamiltonian of charm
decay in the SM into the form of Eq. (3). The effective Hamiltonian of charm decay in the SM is
written as [96]:
HSMeff =
GF√
2
∑
q=d,s
V ∗cq1Vuq2
 2∑
q=1
Ci(µ)Oi(µ)
− V ∗cbVub
(
6∑
i=3
Ci(µ)Oi(µ) + C8g(µ)O8g(µ)
) , (4)
where the tree operators are
O1 = (u¯αq2β)V−A(q¯1βcα)V−A, O2 = (u¯αq2α)V−A(q¯1βcβ)V−A, (5)
with α, β being color indices, and q1,2 being the d or s quark. The QCD penguin operators are
O3 =
∑
q′=u,d,s
(u¯αcα)V−A(q¯′βq
′
β)V−A, O4 =
∑
q′=u,d,s
(u¯αcβ)V−A(q¯′βq
′
α)V−A,
O5 =
∑
q′=u,d,s
(u¯αcα)V−A(q¯′βq
′
β)V+A, O6 =
∑
q′=u,d,s
(u¯αcβ)V−A(q¯′βq
′
α)V+A. (6)
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The chromomagnetic penguin operator is
O8g =
g
8pi2
mcu¯σµν(1 + γ5)T
aGaµνc. (7)
The magnetic-penguin contributions can be included into the Wilson coefficients for the pen-
guin operators following the substitutions [5–8] C3,5(µ) → C3,5(µ) + αs(µ)8piNc
2m2c
〈l2〉 C
eff
8g (µ), C4,6(µ) →
C4,6(µ)− αs(µ)8pi 2m
2
c
〈l2〉 C
eff
8g (µ), with the effective Wilson coefficient C
eff
8g = C8g +C5 and 〈l2〉 being the
averaged invariant mass squared of the virtual gluon emitted from the magnetic penguin operator.
In the notation (3), the tree and penguin operators can be written as,
O
(0)k
1j =
GF√
2
[
C1(u¯αqk,β)V−A(q¯j,βcα)V−A + C2(u¯αqk,α)V−A(q¯j,βcβ)V−A
]
, (8)
O
(1)k
i1 =
GF√
2
[
C3(q¯i,αqk,α)V−A(u¯βcβ)V−A + C4(q¯i,αqk,β)V−A(u¯αcβ)V−A
+ C5(q¯i,αqk,α)V+A(u¯βcβ)V−A + C6(q¯i,αqk,β)V+A(u¯αcβ)V−A
]
. (9)
The corresponding CKM components of operators O
(0)k
1j and O
(1)k
i1 are
(H(0))1jk = V
∗
cqjVuqk , (H
(1))i1k = −V ∗cbVub, (10)
and the other (H(0,1))ijk are zero.
In this subsection, we use the general effective Hamiltonian Eq. (3) to construct the model-
independent amplitude of the D → PP decay. To achieve this goal, a algebraic tool, tensor
analysis, is needed. According to Ref. [97], an arbitrary state in the tensor product space can be
written as
|v〉 = vj1...jni1...im |vi1...imj1...jn 〉. (11)
Tensor v is a ”wave-function”, because one can get tensor component vj1...jni1...im by taking the matrix
element of |v〉 with the tensor product state,
vj1...jni1...im = 〈vi1...imj1...jn |v〉. (12)
Applying to physics, a light pseudoscalar meson state is expressed as
|Pα〉 = (Pα)ji |P ij 〉, (13)
in which |P ij 〉 is the quark composition of meson state, |P ij 〉 = |qiq¯j〉. (Pα)ji is the coefficient of the
quark composition |P ij 〉. In the SU(3) picture, pseudoscalar meson notet |P ij 〉 is expressed as
|P ij 〉 =

1√
2
|pi0〉+ 1√
6
|η8〉, |pi+〉, |K+〉
|pi−〉, − 1√
2
|pi0〉+ 1√
6
|η8〉, |K0〉
|K−〉, |K0〉, −√2/3|η8〉
+ 1√3

|η1〉, 0, 0
0, |η1〉, 0
0, 0, |η1〉
 , (14)
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where i is row index and j is column index. According to Eq. (14), one can derive
|pi+〉 = (pi+)21|P 12 〉 = |ud¯〉, |pi0〉 = (pi0)11|P 11 〉 − (pi0)22|P 22 〉 =
1√
2
|uu¯〉 − 1√
2
|dd¯〉, ... (15)
The bar state of Eq. (13) is
〈Pα| = (Pα)ji 〈P ij |. (16)
Since (Pα)
j
i is a real number, (Pα)
j
i = (Pα)
j
i . A charmed meson state is expressed as
|Dα〉 = (Dα)i|Di〉, (17)
and
|Di〉 = (|D0〉, |D+〉, |D+s 〉) = (|cu¯〉, |cd¯〉, |cs¯〉). (18)
The decay amplitude of Dγ → PαPβ can be constructed to be
A(Dγ → PαPβ) = 〈PαPβ|Heff |Dγ〉
=
∑
p
∑
Per.
(Dγ)i(H
(p))jkl (Pα)
n
m(Pβ)
s
r × 〈Pmn P rs |O(p)ljk |Di〉, (19)
in which
∑
Per. present summing over all the possible full contractions of 〈Pmn P rs |O(p)ljk |Di〉. Under
the flavor symmetry, decay amplitude is a complex number without flavor indices, i.e., a SU(N)
invariant. Then 〈Pmn P rs |O(p)ljk |Di〉 is a invariant tensor in which all the indices either contract
with each other [97]. Once the contraction form of 〈Pmn P rs |O(p)ljk |Di〉 is determined, the form of
(Dγ)i(H
(p))jkl (Pα)
n
m(Pβ)
s
r is determined too, vice versa. For more simplicity, the decay amplitude
of Dγ → PαPβ in p-order is expressed as [52]
A(p)(Dγ → PαPβ) =
∑
ω
X(p)ω (C
(p)
ω )αβγ , (20)
where ω labels the different contractions of the SU(3) indices. X
(p)
ω is the reduced matrix element
and (C
(p)
ω )αβγ is the Clebsch-Gordan coefficient calculated by (Dγ)i(H
(p))jkl (Pα)
n
m(Pβ)
s
r. According
to the Wigner-Eckhart theorem [86, 87], X
(p)
ω is independent of decay channels, i.e., indices α, β
and γ. All the information of initial/final states is absorbed into the Clebsch-Gordan coefficient
(C
(p)
ω )αβγ .
If the index-contraction is understood as quark flowing, the reduced matrix element X
(p)
ω is a
topological amplitude. To be specific, the index contraction is connected with topological diagram
via following rules.
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FIG. 1: Schematic description of the index-contraction of T diagram.
• The contraction between the final-state meson P and the four-quark operator indicates that
the quark or anti-quark produced in one effective vertex of operator O
(p)k
ij enters the final
state-meson P .
• The contraction between the initial-state D meson and the four-quark operator indicates
that the light anti-quark in D meson annihilates in the vertex of four-quark operator.
• The contraction between the initial-state D meson and the final-state meson P indicates
that the light anti-quark in D meson, as a spectator quark, enters the final state meson P .
• The contraction between two indices of the four-quark operator presents the quark loop. O(p)lil
presents the quark loop that connects the two effective vertexes in the topological diagram.
While O
(p)l
lj presents the quark loop induced in one effective vertex in the topological diagram.
According to these rules, one can set up a one-to-one mapping between the topological diagram
and the invariant tensor. For example, the reduced matrix element 〈P ji P lk|O(0)kjl |Di〉 presents the
T diagram. The schematic description of index-contraction in T diagram is shown in Fig. 1. By
substituting Eq. (8) into 〈P ji P lk|O(0)kjl |Di〉, amplitude T can be calculated via the naive factorization:
T = 〈P ji P lk|O(0)kjl |Di〉
=
GF√
2
[C1(µ)〈P ji P uk |(u¯αqk,β)V−A(q¯j,βcα)V−A|Di〉+ C2(µ)〈P ji P uk |(u¯αqk,α)V−A(q¯j,βcβ)V−A|Di〉]
=
GF√
2
[C1(µ)〈P uk |(u¯αqk,β)V−A|0〉〈P ji |(q¯j,βcα)V−A|Di〉
+ C2(µ)〈P lk|(u¯αqk,α)V−A|0〉〈P ji |(q¯j,βcβ)V−A|Di〉]
=
GF√
2
(
C2(µ) +
C1(µ)
Nc
)
〈P uk |(u¯qk)V−A|0〉〈P ji |(q¯jc)V−A|Di〉
=
GF√
2
(
C2(µ) +
C1(µ)
Nc
)
fPuk (m
2
Di −m2P ji )F
Di→P ji
0 (m
2
Puk
). (21)
9
FIG. 2: Topological diagrams in the D → PP decays.
There are four upper/lower indices in 〈Pmn P rs |O(p)ljk |Di〉. The number of all possible contractions
isN = A44 = 24. Considering that we cannot distinguish the two pseudoscalar nonet in theD → PP
decay, some repeated count should be subtracted and then N = A44 − 2×A33 + 2 = 14. Amplitude
of the D → PP decay can be written as
ATDADγ→PαPβ = T (Dγ)i(H)ljk (Pα)ij(Pβ)kl + C(Dγ)i(H)jlk (Pα)ij(Pβ)kl + E(Dγ)i(H)ilj (Pα)jk(Pβ)kl
+A(Dγ)i(H)
li
j (Pα)
j
k(Pβ)
k
l + T
ES(Dγ)i(H)
ij
l (Pα)
l
j(Pβ)
k
k + T
AS(Dγ)i(H)
ji
l (Pα)
l
j(Pβ)
k
k
+ TLP (Dγ)i(H)
kl
l (Pα)
i
j(Pβ)
j
k + T
LC(Dγ)i(H)
jl
l (Pα)
i
j(Pβ)
k
k
+ TLA(Dγ)i(H)
il
l (Pα)
j
k(Pβ)
k
j + T
LS(Dγ)i(H)ill (Pα)jj(Pβ)kk
+ TQP (Dγ)i(H)
lk
l (Pα)
i
j(Pβ)
j
k + T
QC(Dγ)i(H)
lj
l (Pα)
i
j(Pβ)
k
k
+ TQA(Dγ)i(H)
li
l (Pα)
j
k(Pβ)
k
j + T
QS(Dγ)i(H)
li
l (Pα)
j
j(Pβ)
k
k + α↔ β. (22)
Each term and the corresponding interchange α↔ β in Eq. (22) present one topological amplitude
and the coefficient is calculated by the product of (Dγ)i(H)
jk
l (Pα)
n
m(Pβ)
s
r. In the case of Pα = Pβ,
the decay amplitude ATDA(Dγ→PαPα) has to times 1/
√
2 due to the symmetry factor of 1/2 appearing
in the decay rate. As we have mentioned above, it is the Wigner-Eckhart theorem [86, 87] ensures
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that topological amplitude is independent of initial and final states. In Eq. (22), we do not write
the order of perturbation of four-quark operators explicitly. But notice that the same contractions
with different p present different topological amplitudes. For example, p = 0 in the SM denotes
the diagrams induced by tree operators, while p = 1 denotes the diagrams induced by penguin
operators. In fact, perturbation order p provides a natural way to classify the topologies. We will
discuss this question detailed in Sec. III.
The topological diagrams contributing to the D → PP decays are showed in Fig. 2. The first
four diagrams, T , C, E and A, have been analyzed in plenty of literature. TES and TAS are the
singlet contributions which requires multi-gluon exchanges. The last eight diagrams are quark-loop
contributions. In principle, all the topological diagrams should contribute to the D → PP decays.
But some diagrams always disappear when some types of operators are inserted into their effective
vertexes. If the operator with three same indices (for instance (uu)(uc)) is inserted, all the 14
diagrams in Fig. 2 contribute to the D → PP decays. If the operator with two same indices (for
instance (ud)(dc)) is inserted, only the first ten diagrams in Fig. 2 contribute. If the operator with
no same indices (for instance (ud)(sc)) is inserted, only the first six diagrams contribute. That
is why topologies TQP , TQC , TQA and TQS always disappear when tree operators in the SM are
inserted into the diagrams. But TQP , TQC , TQA and TQS are necessary to derive the equivalence
relations of the topological diagram amplitudes and the SU(3) irreducible amplitudes, see II B.
B. SU(3) irreducible amplitude
Operator Okij defined in Eq. (2) can be regarded as a (2, 1)-rank tensor representation of SU(N)
group. There are two covariant (lower) indices and one contravariant (upper) index in Okij . Indices i
and j transform according to the foundational representation N , and index k transforms according
to the complex conjugate representation N of SU(N) group [97]. Now let us discuss how to
decompose the general (2, 1)-rank tensor T kij into the irreducible representations of SU(N) group.
Firstly, we study a simple tensor, Tij with two covariant indices i and j. Tij is decomposed as
N ⊗N . In group theory, the foundational representation of SU(N) group can be expressed as one
square  in young’s tableaux. The decomposition of N ⊗N is
 ⊗  =  ⊕  , (23)
in which  presents symmetrization of indices i, j and  presents anti-symmetrization of indices
i, j. The number of possible combination of antisymmetric i, j is C2N = N(N − 1)/2. And the
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number of possible combination of symmetric i, j is N2 −C2N = N2 −N(N − 1)/2 = N(N + 1)/2.
Thereby, the first term in Eq. (23) presents a N(N + 1)/2 representation and the second term
presents a N(N − 1)/2 representation of SU(N) group. If N = 3, we have 3⊗3 = 6⊕3. Secondly,
we analyze another simple tensor, T ji with one covariant index i and one contravariant index j. In
group theory, a mixed tensor with contraction of one covariant index and one contravariant index is
known as trace tensor. For any mixed tensor, it can be decomposed into trace tensor and traceless
tensor. Both the subspaces composed by trace tensor and traceless tensor are invariant subspaces
of SU(N) group. So T ji can be decomposed as
T ji =
{
T ji − δji
( 1
N
∑
l
T ll
)}
+ δji
( 1
N
∑
l
T ll
)
. (24)
The trace tensor is a trivial representation and the traceless tensor is (N2 − 1)-dimensional rep-
resentation of SU(N) group. If N = 3, we have 3 ⊗ 3 = 8 ⊕ 1. Finally, we discuss the SU(N)
decomposition of T kij . There are two steps to decompose T
k
ij into the direct sum of irreducible
representations: extracting the trace tensors and symmetrizing/anti-symmetrizing indices of the
remaining traceless tensor. The result is
T kij = T
k
{ij} + T
k
[ij] +
1
N2 − 1
{
δkj
∑
l
(
N T lil − T lli
)
+ δki
∑
l
(
N T llj − T ljl
)}
, (25)
in which the two trace tensors are dimension-N since only one free index left. T k{ij} and T
k
[ij] are
traceless with the dimensions of (N2 − C2N ) × N − N = N2(N + 1)/2 − N and C2N × N − N =
N2(N − 1)/2−N . That is,
N ⊗N ⊗N = N2(N + 1)/2−N ⊕N2(N − 1)/2−N ⊕N ⊕N. (26)
If operator Okij is the representation of SU(3) group, it can be decomposed as 3 ⊗ 3 ⊗ 3 =
3p ⊕ 3t ⊕ 6⊕ 15. The explicit decomposition is [52]
Okij =
1
8
O(15)kij +
1
4
ijlO(6)
lk + δkj
(3
8
O(3t)i − 1
8
O(3p)i
)
+ δki
(3
8
O(3p)j − 1
8
O(3t)j
)
, (27)
which is consistent with Eq. (25). The coefficients 1/4 and 1/8 before 6- and 15-dimensional rep-
resentations are used to match most literature. All components of the Okij irreducible presentation
are listed following.
3p presentation:
O(3p)1 = (u¯u)(u¯c) + (d¯d)(u¯c) + (s¯s)(u¯c), O(3p)2 = (u¯u)(d¯c) + (d¯d)(d¯c) + (s¯s)(d¯c),
O(3p)3 = (u¯u)(s¯c) + (d¯d)(s¯c) + (s¯s)(s¯c). (28)
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3t presentation:
O(3t)1 = (u¯u)(u¯c) + (u¯d)(d¯c) + (u¯s)(s¯c), O(3t)2 = (d¯u)(u¯c) + (d¯d)(d¯c) + (d¯s)(s¯c),
O(3t)3 = (s¯u)(u¯c) + (s¯d)(d¯c) + (s¯s)(s¯c). (29)
6 presentation:
O(6)11 = 2[(d¯u)(s¯c)− (s¯u)(d¯c)], O(6)22 = 2[(s¯d)(u¯c)− (u¯d)(s¯c)],
O(6)33 = 2[(u¯s)(d¯c)− (d¯s)(u¯c)],
O(6)12 = [(s¯u)(u¯c)− (u¯u)(s¯c) + (d¯d)(s¯c)− (s¯d)(d¯c)],
O(6)23 = [(u¯d)(d¯c)− (d¯d)(u¯c) + (s¯s)(u¯c)− (u¯s)(s¯c)],
O(6)31 = [(d¯s)(s¯c)− (s¯s)(d¯c) + (u¯u)(d¯c)− (d¯u)(u¯c)]. (30)
15 presentation:
O(15)111 = 4(u¯u)(u¯c)− 2[(u¯s)(s¯c) + (u¯d)(d¯c) + (d¯d)(u¯c) + (s¯s)(u¯c)],
O(15)222 = 4(d¯d)(d¯c)− 2[(d¯u)(u¯c) + (d¯s)(s¯c) + (u¯u)(d¯c) + (s¯s)(d¯c)],
O(15)333 = 4(s¯s)(s¯c)− 2[(s¯u)(u¯c) + (s¯d)(d¯c) + (u¯u)(s¯c) + (d¯d)(s¯c)],
O(15)123 = 4[(d¯u)(s¯c) + (s¯u)(d¯c)], O(15)
2
13 = 4[(s¯d)(u¯c) + (u¯d)(s¯c)],
O(15)312 = 4[(u¯s)(d¯c) + (d¯s)(u¯c)],
O(15)211 = 8(u¯d)(u¯c), O(15)
3
11 = 8(u¯s)(u¯c), O(15)
1
22 = 8(d¯u)(d¯c),
O(15)322 = 8(d¯s)(d¯c), O(15)
1
33 = 8(s¯u)(s¯c), O(15)
2
33 = 8(s¯d)(s¯c),
O(15)121 = 3[(u¯u)(d¯c) + (d¯u)(u¯c)]− 2(d¯d)(d¯c)− [(d¯s)(s¯c) + (s¯s)(d¯c)],
O(15)212 = 3[(u¯d)(d¯c) + (d¯d)(u¯c)]− 2(u¯u)(u¯c)− [(u¯s)(s¯c) + (s¯s)(u¯c)],
O(15)131 = 3[(u¯u)(s¯c) + (s¯u)(u¯c)]− 2(s¯s)(s¯c)− [(s¯d)(d¯c) + (d¯d)(s¯c)],
O(15)313 = 3[(u¯s)(s¯c) + (s¯s)(u¯c)]− 2(u¯u)(u¯c)− [(u¯d)(d¯c) + (d¯d)(u¯c)],
O(15)232 = 3[(d¯d)(s¯c) + (s¯d)(d¯c)]− 2(s¯s)(s¯c)− [(s¯u)(u¯c) + (u¯u)(s¯c)],
O(15)323 = 3[(d¯s)(s¯c) + (s¯s)(d¯c)]− 2(d¯d)(d¯c)− [(d¯u)(u¯c) + (u¯u)(d¯c)]. (31)
Here we have ignored the information of color, current structure and order of perturbation of oper-
ator Okij . There are 9 operators in irreducible representation 6, but only 6 of them are independent
because O(6)ij is symmetric in the interchange of its two upper indices, O(6)ij = O(6)ji. O(6)ij
can be written as O(6)kij by contracting with the Levi-Civita tensor O(6)
k
ij = ijlO(6)
lk. There
are 27 operators in irreducible representation 15, but only 15 of them are independent because
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O(15)kij is symmetric in the interchange of its two subscripts, O(15)
k
ij = O(15)
k
ji and the following
equations
O(15)111 = −[O(15)212 +O(15)313], O(15)222 = −[O(15)121 +O(15)323],
O(15)333 = −[O(15)131 +O(15)232]. (32)
If operator Okij is decomposed into irreducible representations, the CKM component (H)
ij
k
should be decomposed correspondingly:
(H)ijk =
1
8
(H(15))ijk +
1
4
ijl(H(6))lk + δ
j
k
(3
8
(H(3t))
i − 1
8
(H(3p))
i
)
+ δik
(3
8
(H(3p))
j − 1
8
(H(3t))
j
)
. (33)
To obtain the SU(3) irreducible amplitude of the D → PP decay, one can contract all indices in
the following manner
AIRADγ→PαPβ =a6(Dγ)i(H(6))ijk (Pα)lj(Pβ)kl + b6(Dγ)i(H(6))ijk (Pα)kj (Pβ)ll
+ c6(Dγ)i(H(6))
jl
k (Pα)
i
j(Pβ)
k
l + a15(Dγ)i(H(15))
ij
k (Pα)
l
j(Pβ)
k
l
+ b15(Dγ)i(H(15))
ij
k (Pα)
k
j (Pβ)
l
l + c15(Dγ)i(H(15))
jl
k (Pα)
i
j(Pβ)
k
l
+ ap3(Dγ)i(H(3p))
i(Pα)
k
j (Pβ)
j
k + b
p
3(Dγ)i(H(3p))
i(Pα)
k
k(Pβ)
j
j
+ cp3(Dγ)i(H(3p))
k(Pα)
i
k(Pβ)
j
j + d
p
3(Dγ)i(H(3p))
k(Pα)
i
j(Pβ)
j
k
+ at3(Dγ)i(H(3t))
i(Pα)
k
j (Pβ)
j
k + b
t
3(Dγ)i(H(3t))
i(Pα)
k
k(Pβ)
j
j
+ ct3(Dγ)i(H(3t))
k(Pα)
i
k(Pβ)
j
j + d
t
3(Dγ)i(H(3t))
k(Pα)
i
j(Pβ)
j
k + α↔ β. (34)
Similar to Eq. (22), there are 14 possible index-contractions in Eq. (34). By substituting Eq. (27)
into the amplitudes of T , C, E..., the relations between topological diagrams and the SU(3)
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irreducible amplitudes are derived to be1
a6 =
E −A
4
, b6 =
TES − TAS
4
, c6 =
−T + C
4
,
a15 =
E +A
8
, b15 =
TES + TAS
8
, c15 =
T + C
8
,
at3 =
3
8
E − 1
8
A+ TLA, ap3 = −
1
8
E +
3
8
A+ TQA,
bt3 =
3
8
TES − 1
8
TAS + TLS , bp3 = −
1
8
TES +
3
8
TAS + TQS ,
ct3 = −
1
8
T +
3
8
C − 1
8
TES +
3
8
TAS + TLC , cp3 =
3
8
T − 1
8
C +
3
8
TES − 1
8
TAS + TQC ,
dt3 =
3
8
T − 1
8
C − 1
8
E +
3
8
A+ TLP , dp3 = −
1
8
T +
3
8
C +
3
8
E − 1
8
A+ TQP . (37)
Eq. (37) declares the equivalence between the topological amplitudes and SU(3) irreducible am-
plitudes.
From above discussions, one can find that the sole difference between the TDA and IRA ap-
proaches is whether the four-quark operators (or equivalent, (H)ijk ) are decomposed into the SU(3)
irreducible representations or not. The equivalence between them is apparent. In Sec. III, the topo-
logical and SU(3) irreducible amplitudes of the D → PP decays in the SM will be presented to
verify Eq. (37). The equivalence of TDA and IRA approaches is also verified in the D → PV
decays, see Appendix A for details.
C. Independence of topologies
In this subsection, we discuss the independence of topologies. Because of (H(6))ijk = 
ijl(H(6))lk
and the symmetric lower indices in (H(6))lk, the terms constructed by (H(6))
ij
k in Eq. (34) can be
written as
a6(Dγ)i(H(6))
ij
k (Pα)
l
j(Pβ)
k
l = a6(Dγ)i
ijm(H(6))km(Pα)
l
j(Pβ)
k
l
= a6(Dγ)
[jm](H(6))km(Pα)
l
j(Pβ)
k
l , (38)
1 Taking T diagram as an example,
T × (Dγ)i(H)ljk (Pα)ij(Pβ)kl =T × (Dγ)i(Pα)ij(Pβ)kl ×
[
δjk
(3
8
(H(3t))
l − 1
8
(H(3p))
l)+
δlk
(3
8
(H(3p))
j − 1
8
(H(3t))
j)+ 1
4
ljm(H(6))mk +
1
8
(H(15))ljk
]
, (35)
contributing to
c15 =
1
8
T + ..., c6 =
1
4
T + ..., ct3 = −1
8
T + ..., cp3 =
3
8
T + ..., dt3 =
3
8
T + ..., dp3 = −
1
8
T + ... . (36)
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b6(Dγ)i(H(6))
ij
k (Pα)
k
j (Pβ)
l
l = b6(Dγ)i
ijm(H(6))km(Pα)
k
j (Pβ)
l
l
= b6(Dγ)
[jm](H(6))km(Pα)
k
j (Pβ)
l
l, (39)
c6(Dγ)i(H(6))
jl
k (Pα)
i
j(Pβ)
k
l =
1
2
c6 pqi
jlm(Dγ)
[pq](H(6))km(Pα)
i
j(Pβ)
k
l
= c6
[− (Dγ)[jm](H(6))km(Pα)lj(Pβ)kl + (Dγ)[jm](H(6))km(Pα)kj (Pβ)ll
+ (Dγ)
[jl](H(6))ki(Pα)
i
j(Pβ)
k
l
]
, (40)
in which the equations
Ti = ijkT
[jk]/2 and ijk
lmn =
∣∣∣∣∣∣∣∣∣
δli δ
m
i δ
n
i
δlj δ
m
j δ
n
j
δlk δ
m
k δ
n
k
∣∣∣∣∣∣∣∣∣ (41)
are used. The last term in Eq. (40), c6(Dγ)
[jl](H(6))ki(Pα)
i
j(Pβ)
k
l , cancels with its α-β interchang-
ing term c6(Dγ)
[jl](H(6))ki(Pβ)
i
j(Pα)
k
l because the indices j, l are antisymmetric and indices k, i
are symmetric. Thereby, there are only two SU(3) irreducible amplitudes associated with 6 repre-
sentation contributing to the D → PP decays. According to Eqs. (38)∼(40), parameter c6 can be
absorbed into a6 and b6 by following redefinition:
a′6 = a6 − c6, b′6 = b6 + c6. (42)
This redefinition is not sole. One can also get rid of a6 or b6 via the redefinition of
c′′6 = −a′6 = c6 − a6, b′′6 = a′6 + b′6 = b6 + a6, (43)
or
c′′′6 = b
′
6 = c6 + b6, a
′′′
6 = a
′
6 + b
′
6 = a6 + b6. (44)
Since the topological amplitudes are equivalent to the SU(3) irreducible amplitudes, one of the
topological amplitudes in the D → PP decays is not independent.
From above analysis, it is found the fact that one of the topological diagrams is not independent
is only associated with 6 representation. According to Eq. (37), the SU(3) irreducible amplitudes
of 6 representation have nothing to do with the topologies involving quark-loop. It means one of
the topologies T , C, E, A, TES TAS is not independent under the SU(3)F symmetry, no matter
the diagrams with quark loop are ignored or not. Besides, as pointed out in Ref. [88], if we drop
the diagrams TES and TAS but include those channels involved in η1 in the phenomenological
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analysis, all the diagrams T , C, E and A are independent. And if the channels with η1 are not
included, only three of T , C, E and A are independent. This conclusion can also be understood in
Eqs. (38)∼ (40). According to Eq. (37), dropping TES and TAS is equivalent to set b15 = b6 = 0.
Eq. (42) shows that if b6 is zero, b
′
6 is still non-zero since b
′
6 = b6 + c6. Thereby, there are four
independent parameters corresponding to the irreducible representations 15 and 6. But if η1 is not
included in the analysis, all the terms involved (Pα,β)
l
l vanish in Eq. (38). Then Eqs. (38)∼ (40)
are simplified to be
a6(Dγ)iH(6)
ij
k (Pα)
l
j(Pβ)
k
l = a6(Dγ)
[jm]H(6)km(Pα)
l
j(Pβ)
k
l , (45)
c6(Dγ)iH(6)
jl
k (Pα)
i
j(Pβ)
k
l = −c6(Dγ)[jm]H(6)km(Pα)lj(Pβ)kl . (46)
Form above formulas, one can find parameter c6 can be absorbed into a6, a
′
6 = a6 − c6. Thereby,
there are three independent parameters corresponding to the irreducible representations 15 and 6
if η1 is not included.
Let us look at the prerequisites of Eqs. (38)∼(40). In the SU(3) irreducible amplitudes, indices
of (H)ijk transform according to SU(3) group. The decomposition of 3⊗ 3⊗ 3 is written as
3⊗ 3⊗ 3 = (6⊕ 3)⊗ 3 = (6⊗ 3)⊕ (3⊗ 3) = (15⊕ 3)⊕ (6⊕ 3). (47)
As mentioned above, the first step of Eq. (47), 3 ⊗ 3 = 6 ⊕ 3, is symmetrization and anti-
symmetrization of i, j, (H)ij = (H){ij} + (H)[ij]. The dimension of the antisymmetric tensor
(H)[ij] is C23 = 3 which equals to the dimension of fundamental/conjugate representation. Because
of this special character, the two antisymmetric upper indices in (H)[ij] can be written as one lower
index via the Levi-Civita tensor: (H)[ij] = ijk(H)k. In the last step of Eq. (47), 6 is gotten by
3⊗3 = 6⊕3. The two lower indices of (H)kl are symmetrized and anti-symmetrized again and the
two lower indices in (H(6))kl are symmetric. From Eq. (40), one can find (H)
[ij] = ijk(H)k and
the symmetric lower indices in (H(6))kl are crucial in explaining the independence of the topolo-
gies. Without these specialities of SU(3) group, the Eqs. (38)∼(40) cannot be derived and then
parameter c6 cannot be absorbed into other parameters by redefinition. For B meson decays with
SU(4)F symmetry, the topological amplitudes are the same with the one in the D → PP decays
with SU(3) symmetry. And the SU(4) irreducible amplitudes can be constructed by replacing 3p,
3t, 6 and 15 in Eq. (34) with 4p, 4t, 20 and 36, respectively. But because the indices of (H)
ij
k
transform according to SU(4) group, the two anti-symmetric upper index indices in (H)
[ij]
k cannot
be written as one lower index since C2N = N(N − 1)/2 > N if N ≥ 4. Then the equations similar
to Eqs. (38)∼ (40) cannot be derived. As a consequence, the independence of topologies under the
SU(4)F symmetry is different from the case of SU(3)F symmetry.
17
In order to illustrate the relation between the independence of topologies and the symmetry
of physical system further, we discuss the strange meson decay with SU(2)F symmetry. The
topological amplitude of K → pipi decay is the same with the one in Eq. (22) (except for those
diagrams involving singlet),
ATDAKγ→piαpiβ = T (Kγ)i(H)ljk (piα)ij(piβ)kl + C(Kγ)i(H)jlk (piα)ij(piβ)kl + E(Kγ)i(H)ilj (piα)jk(piβ)kl
+A(Kγ)i(H)
li
j (piα)
j
k(piβ)
k
l + T
LP (Kγ)i(H)
kl
l (piα)
i
j(piβ)
j
k + T
LA(Kγ)i(H)
il
l (piα)
j
k(P )
k
j
+ TQP (Kγ)i(H)
lk
l (piα)
i
j(piβ)
j
k + T
QA(Kγ)i(H)
li
l (piα)
j
k(piβ)
k
j + α↔ β. (48)
The explicit decomposition of Okij in 2⊗ 2⊗ 2 = 2p ⊕ 2t ⊕ 4 is
Okij =
1
3
O(4)kij + δ
k
j
(2
3
O(2t)i − 1
3
O(2p)i
)
+ δki
(2
3
O(2p)j − 1
3
O(2t)j
)
. (49)
Notice that there is no irreducible representation of (H)ijk in the decomposition of 2⊗2⊗2 = 2⊕2⊕4
corresponding to the 6 representation in the decomposition of 3 ⊗ 3 ⊗ 3 = 3 ⊕ 3 ⊕ 6 ⊕ 15 since
N2(N − 1)/2 − N = 0 in N = 2. The SU(2) irreducible amplitude of K → pipi decay can be
constructed by replacing 3p, 3t and 15 in Eq. (34) with 2p, 2t and 4 respectively,
AIRAKγ→piαpiβ =a4(Kγ)i(H(4))ijk (piα)lj(piβ)kl + c4(Kγ)i(H(4))jlk (piα)ij(piβ)kl
+ at2(Kγ)i(H(2t))
i(piα)
k
j (piβ)
j
k + d
t
2(Kγ)i(H(2t))
k(piα)
i
j(piβ)
j
k
+ ap2(Kγ)i(H(2p))
i(piα)
k
j (piβ)
j
k + d
p
2(Kγ)i(H(2p))
k(piα)
i
j(piβ)
j
k + α↔ β. (50)
Notice that there are only six SU(2) irreducible amplitudes in Eq. (50). Thereby, two of the
topologies are not independent in the K → pipi decays. According to Eq. (49), the relations
between topological diagrams and the irreducible amplitudes in the K → pipi decays are
a4 =
E +A
3
, c4 =
T + C
3
,
at2 =
2
3
E − 1
3
A+ TLA, ap2 = −
1
3
E +
2
3
A+ TQA,
dt2 =
2
3
T − 1
3
C − 1
3
E +
2
3
A+ TLP , dp2 = −
1
3
T +
2
3
C +
2
3
E − 1
3
A+ TQP . (51)
To understand the different results of the SU(2), SU(3) and SU(4) groups intuitively, we
compare the Young’s tableaux of decomposition (26) in the cases of N = 2, 3 and 4:
N = 2 :  ⊗  ⊗  =  ⊕  ⊕  ,
N = 3 :  ⊗  ⊗ =  ⊕  ⊕

⊕  ,
N = 4 :  ⊗  ⊗ =

⊕  ⊕

⊕

. (52)
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If a young’s tableau has one column containing N squares, this column can be dropped. Then
Eq. (52) changes to be
N = 2 :  ⊗  ⊗  =  ⊕  ⊕ ,
N = 3 :  ⊗  ⊗  =  ⊕  ⊕  ⊕ ,
N = 4 :  ⊗  ⊗  =

⊕  ⊕  ⊕ . (53)
The covariant index and contravariant indices of the tensor representation of SU(N) group can
transform to each other via the completely antisymmetric tensor i1i2...iN and 
i1i2...iN . The (2, 1)-
rank mixed tensor can be written as a tensor only containing upper indices via i1i2...iN . If N = 2,
(H)ijl = kl(H)ijk . If N = 3, (H)
ijlm = klm(H)ijk . If N = 4, (H)
ijlmn = klmn(H)ijk . In Eq. (53),
each square presents one upper index of tensor (H)i1i2...iN . So the number of square in each young’s
tableau is the number of upper index needed in this representation. From Eq. (53), one can find
there is no reduction in the number of index if all lower indices are transformed into upper indices
except for the representation N . For example, representation 15 of SU(3) group needs four indices
if it only contains upper indices, compared to the (2, 1)-rank mixed tensor with three indices.
Representation N is associated with quark-loop in which (H)ijk always appears as (H)
ij
i or (H)
ij
j .
Both (H)iji and (H)
ij
j have one free index as the same as representation N . So representation N
cannot reduce the number of independent index. On the other hand, one can write (H)ijk and its
irreducible representations as tensors only containing lower indices via i1i2...iN . And the young’s
tableaux in Eq. (53) are transformed to be
N = 2 :  ⊗  ⊗  =  ⊕  ⊕ ,
N = 3 :  ⊗  ⊗  =  ⊕  ⊕  ⊕  ,
N = 4 :

⊗  ⊗  =

⊕  ⊕

⊕  , (54)
in which one  presents one lower index. From Eq. (54), one can find if all upper indices transform
into lower indices, the 6 representation of SU(3) group has two indices. And  presents the
symmetric two lower indices. That is why the non-independent topology in the D → PP decays is
associated with 6 representation. For other representations showed in Eq. (54), writing all indices
into lower indices does not reduce the number of indices compared to (2, 1)-rank mixed tensor.
In summary, the independence of topologies depends on the symmetry of the physical system
and can be analyzed in group theory. For different symmetry group, the independence of topologies
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is different.
III. TOPOLOGIES OF D → PP DECAYS IN THE SM
In this section, we present the amplitude decompositions of the D → PP decays in the Standard
Model and discuss the CP violation in charm.
A. Topologies in the SM: classification and independence
According to Eq. (4) and Eq. (10), the CKM components in the SM, (H(p))ijk , can be obtained
from the map (u¯q1)(q¯2c) → V ∗cq2Vuq1 in current-current operators and (q¯q)(u¯c) → −V ∗cbVub in
penguin operators and the others are set to be zero. The non-zero CKM components induced by
tree operators in the topological amplitude include
(H(0))132 = V
∗
csVud, (H
(0))122 = V
∗
cdVud, (H
(0))133 = V
∗
csVus, (H
(0))123 = V
∗
cdVus. (55)
The non-zero CKM components induced by penguin operators in the topological amplitude include
(H(1))111 = −V ∗cbVub, (H(1))212 = −V ∗cbVub, (H(1))313 = −V ∗cbVub. (56)
The superscripts (0) and (1) differentiate tree and penguin contributions. The non-zero CKM
components induced by the tree operators in the SU(3) irreducible representations are
(H(0)(6))22 = −2V ∗csVud, (H(0)(6))23 = (V ∗cdVud − V ∗csVus), (H(0)(6))33 = 2V ∗cdVus,
(H(0)(15))111 = −2 (V ∗cdVud + V ∗csVus), (H(0)(15))132 = 4V ∗csVud, (H(0)(15))123 = 4V ∗cdVus,
(H(0)(15))122 = 3V
∗
cdVud − V ∗csVus, (H(0)(15))133 = 3V ∗csVus − V ∗cdVud,
(H(0)(3t))
1 = V ∗cdVud + V
∗
csVus. (57)
The non-zero CKM components induced by the penguin operators in the SU(3) irreducible repre-
sentations are
(H(1)(3t))
1 = −V ∗cbVub, (H(1)(3p))1 = −3V ∗cbVub. (58)
In general, the topologies in the SM are classified into two types: tree diagram and penguin
diagram. The quark-loop contributions induced by tree operators are absorbed into the Wilson
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coefficients of penguin operators [5–8],
C3,5(µ)→ C3,5(µ)− αs(µ)
8piNc
∑
q=d,s
λq
λb
C(q)(µ, 〈l2〉),
C4,6(µ)→ C4,6(µ)− αs(µ)
8pi
∑
q=d,s
λq
λb
C(q)(µ, 〈l2〉), (59)
with the averaged invariant mass squared of the virtual gluon emitted from the quark loop 〈l2〉
and the function
C(q)(µ, 〈l2〉) =
[
− 4
∫ 1
0
dxx(1− x)lnm
2
q − x(1− x)〈l2〉
µ2
− 2
3
]
C2(µ). (60)
The penguin operator induced quark loop contributions are too small and negligible. Thereby, the
penguin diagrams include those diagram induced by penguin operators without quark-loop and
quark-loop diagrams induced by the tree operators. But this classification is not convenient to
analyze the topologies in the tensor form systematically.
We suggest to put the traditional tree diagrams and the quark-loop diagrams induced by tree
operators (O1,2) together, named after ”tree-operator-induced diagrams”, and put the diagrams
induced by penguin operators (O3−6) together, named after ”penguin-operator-induced diagrams”.
The new classification of topologies is according to which operators (O1,2 or O3−6) being inserted
into the diagrams, indifferent to the diagrams with quark-loop or not. Because the Wilson coeffi-
cients C1,2 are larger than C3−6, the new classification is also based on magnitude of the Wilson
coefficients, or in other word, the perturbation order p introduced in Eq. (1). The advantage of
the new classification is that it is convenient to build the one-to-one mapping between topology
and invariant tensor, just like we have done in Sec. II. And then some mathematical techniques,
such as group theory, can be induced to study the topological amplitudes.
Revisit the topological diagrams listed in Fig. 2. In the SM, if the tree operators O1,2 (penguin
operators O3−6) are inserted into these diagrams, the tree (penguin)-operator-induced topological
diagrams are obtained. Taking into account the fact that most components of (H(0))ijk vanish (see
Eq. (55)), there are ten tree-operator-induced diagrams contributing to the D → PP decays in the
SM. The diagrams TQP , TQC , TQA, TQS vanish because there is no tree level FCNC transition
in the SM. But for penguin-operator-induced diagrams, all the fourteen topologies contribute to
the D → PP decays. In the rest of paper, notations PT , PC, PE, PA, PES , PAS , PLP , PLC ,
PLA, PLS , PQP , PQC , PQA and PQS are used to label the penguin-operator-induced amplitudes
corresponding to Fig. (2) orderly. And all the SU(3) irreducible amplitudes induced by penguin
operators are added P before their original notations to differentiate the amplitudes induced by
tree operators.
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In order to compare with other literature, we give the relation between our classification of the
topologies and the traditional one (see Ref. [98] for example). The tree-operator-induced diagrams
without quark loop defined in this work (left) and the tree diagrams defined in Ref. [98] (right)
have one-to-one correspondence:
T = T, C = C, E = E, A = A, TES = SE, TAS = SA. (61)
The tree-operator-induced diagrams with quark-loop in this work are the quark-loop contributions
of the penguin diagrams in Ref. [98]. The relations between them are
TLP = Ploop + PEloop, T
LC = Sloop + SPEloop, T
LA = PAloop, T
LS = SPAloop, (62)
in which the subscript ”loop” is used to distinguish them from the diagrams induced by penguin
operators. The penguin-operator-induced diagrams without quark loop in this work are the penguin
diagrams proportional to C3−6 in Ref. [98]. The relations between them are
PC = Ppen, PE = PEpen, PA = PApen, PT = Spen,
PES = SPEpen, P
AS = SPApen, (63)
in which the subscript ”pen” represent the O3−6 contributions. From Eq. (62), one can find among
those topologies defined in Ref. [98], P and PE, as well as S and SPE, always appear as P + PE
and S + SPE. It is easy to understand since our definition of topology only consider quark line
flowing into and out of hadrons but does not care the gluon exchanges. The only difference between
P and PE (as well as S and SPE), actually, is the different gluon exchanges.
The independence of topological diagrams in the SM is beyond the model-independent analysis
in II C because some characters of the Hamiltonian. In the IRA approach, Eq. (58) shows that there
are no penguin-operator-induced amplitudes in the 15- and 6-dimensional irreducible representa-
tions. From Eqs. (57) and (58), it is found the non-zero CKM components of 3-dimensional rep-
resentations, including (H(0)(3t))
1, (H(1)(3t))
1 and (H(1)(3p))
1, only contain the first components.
Because of the unitarity of the CKM matrix, we have (H(0)(3t))
1 = (V ∗cdVud + V
∗
csVus) = −V ∗cbVub,
and then (H(0)(3t)) : (H
(1)(3t)) : (H
(1)(3p)) = 1 : 1 : 3. So the amplitudes induced by the 3-
dimensional presentations always appear simultaneously and can be absorbed into four parameters
with following redefinition:
a3 = a
t
3 + Pa
t
3 + 3Pa
p
3, b3 = b
t
3 + Pb
t
3 + 3Pb
p
3, c3 = c
t
3 + Pc
t
3 + 3Pc
p
3,
d3 = d
t
3 + Pd
t
3 + 3Pd
p
3, (64)
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TABLE I: Decay amplitudes for the Cabibblo-allowed and doubly Cabibbo-suppressed D → PP decays.
Channel TDA IRA
D0 → pi+K− V ∗csVud(T + E) 2V ∗csVud(2a15 + a6 + 2c15 − c6)
D0 → pi0K0 1√
2
V ∗csVud(C − E)
√
2V ∗csVud(−2a15 − a6 + 2c15 + c6)
D0 → K0η8 1√
6
V ∗csVud(C − E) 2√6V
∗
csVud(−2a15 − a6 + 2c15 + c6)
D0 → K0η1 1√
3
V ∗csVud(C + 2E + 3TES)
2√
3
V ∗csVud(4a15 + 2a6 + 6b15 + 3b6 + 2b15 + c6)
D+ → pi+K0 V ∗csVud(C + T ) 8V ∗csVudc15
D+s → pi+pi0 / /
D+s → pi+η8 2√6V
∗
csVud(A− T ) 4√6V
∗
csVud(2a15 − a6 − 2c15 + c6)
D+s → pi+η1 1√3V
∗
csVud(T + 2A+ 3T
AS) 2√
3
V ∗csVud(4a15 − 2a6 + 6b15 − 3b6 + 2c15 − c6)
D+s → K+K0 V ∗csVud(C +A) 2V ∗csVud(2a15 − a6 + 2c15 + c6)
D0 → pi0K0 1√
2
V ∗cdVus(C − E)
√
2V ∗cdVus(−2a15 − a6 + 2c15 + c6)
D0 → pi−K+ V ∗cdVus(E + T ) 2V ∗cdVus(2a15 + a6 + 2c15 − c6)
D0 → K0η8 1√
6
V ∗cdVus(C − E) 2√6V
∗
cdVus(−2a15 − a6 + 2c15 + c6)
D0 → K0η1 1√
3
V ∗cdVus(C + 2E + 3T
ES) 2√
3
V ∗cdVus(4a15 + 2a6 + 6b15 + 3b6 + 2c15 + c6)
D+ → pi+K0 V ∗cdVus(C +A) 2V ∗cdVus(2a15 − a6 + 2c15 + c6)
D+ → pi0K+ 1√
2
V ∗cdVus(A− T )
√
2V ∗cdVus(2a15 − a6 − 2c15 + c6)
D+ → K+η8 1√
6
V ∗cdVus(T −A) 2√6V
∗
cdVus(−2a15 + a6 + 2c15 − c6)
D+ → K+η1 1√
3
V ∗cdVus(T + 2A+ 3T
AS) 2√
3
V ∗cdVus(4a15 − 2a6 + 6b15 − 3b6 + 2c15 − c6)
D+s → K+K0 V ∗cdVus(C + T ) 8V ∗cdVusc15
Notice that Eq. (64) is a character of the Standard Model but not a general conclusion. According
to Eq. (64) and Eq. (37), the tree-operator-induced topological diagrams with quark loop and
all the penguin-operator-induced amplitudes can be absorbed into four parameters with following
redefinition:
ALA = TLA + PA+ PLA + 3PQA, ALS = TLS + PAS + PLS + 3PQS ,
ALC = TLC + PT + PES + PLC + 3PQC , ALP = TLP + PC + PE + PLP + 3PQP . (65)
All the penguin-operator-induced amplitudes are determined if the tree-operator-induced ampli-
tudes with quark loop are known. There is no degree of freedom of the penguin-operator-induced
diagrams in the SM. It is understandable since a penguin operator can be regard as a ”quark-loop”
induced by ”tree operator” in high energy scale. According to II C, one of the ten tree-operator-
induced topological diagrams of the D → PP decays is not independent. Thereby, there are only
nine degrees of freedom for all the tree- and penguin-operator-induced amplitudes in the D → PP
decays in the SM. The tree- and penguin-operator-induced amplitudes of the D → PP decays
in the TDA and IRA approaches are listed in Tables. I and II. One can check the topological
amplitudes and the SU(3) irreducible amplitudes follow Eq. (37).
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TABLE II: Decay amplitudes for the singly Cabibblo-suppressed D → PP decays. The CKM matrix
elements are labeled as λd = V
∗
cdVud, λs = V
∗
csVus, λb = V
∗
cbVub and λb = −(λd + λs). The redefinitions (64)
and (65) are used for simplification.
channel TDA IRA
D0 → pi+pi− λd(T + E)− λb(ALP + 2ALA) (3λd − λs)(a15 + c15) + (λd − λs)(a6 − c6)
−λb(2a3 + d3 − 2a15)
D0 → pi0pi0 1√
2
λd(E − C)− 1√2λb(A
LP + 2ALA) 1√
2
(3λd − λs)(a15 − c15) + 1√2 (λd − λs)(a6 − c6)
− 1√
2
λb(2a3 + d3 − 2a15 − 2c15)
D0 → pi0η8 − 1√
3
(λdE + λsC)− 1√3λbA
LP − 1√
3
(3λd − λs)a15 − 1√3 (3λs − λd)c15
− 1√
3
(λd − λs)(a6 − c6)− 1√3λb(d3 − 2a15 − 2c15)
D0 → pi0η1 − 1√
6
λd(2E + 3T
ES) + 1√
6
λsC − 1√
6
(3λd − λs)(2a15 + 3b15) + 1√6 (3λs − λd)c15
− 1√
6
λb(2A
LP + 3ALC) − 1√
6
(λd − λs)(2a6 + 3b6 + c6)
− 1√
6
λb(3c3 + 2d3 − 2(2a15 + 3b15 + 2c15)
D0 → K+K− λs(T + E)− λb(ALP + 2ALA) (3λs − λd)(a15 + c15)− (λd − λs)(a6 − c6)
−λb(2a3 + d3 − 2a15)
D0 → K0K0 −λb(E + 2ALA) −2λb(a3 + a15)
D0 → η8η8 1
3
√
2
λd(C + E)− 23√2λs(C − 2E)
√
2
3
(3λs − λd)(2a15 − c15) + 13√2 (3λd − λs)(a15 + c15)
− 1
3
√
2
λb(A
LP + 6ALA) − 1√
2
(λd − λs)(a6 − c6)− 13√2λb(6a3 + d3 − 2(a15 + c15)
D0 → η8η1 1
3
√
2
λd(2C + 2E + 3T
ES)− 1
3
√
2
λs(C
1
3
√
2
(3λd − λs)(2a15 + 3b15 + 2c15)− 13√2 (3λs − λd)
+4E + 6TES)− 1
3
√
2
λb(2A
LP + 3ALC) (4a15 + 6b15 + b15) +
1√
2
(λd − λs)(2a6 + 3b6 + c6)
− 1
3
√
2
λb(3c3 + 2d3 − 2(2a15 + 3b15 + 2c15))
D0 → η1η1 −
√
2
3
λb(C + E + 3T
ES +ALP − 2
3
√
2
λb(3a3 + 9b3 + 3c3 + d3)
+3ALA + 3ALC + 9ALS)
D+ → pi+pi0 − 1√
2
λd(T + C) − 1√2λdc15
D+ → pi+η8 1√
6
λd(T + C + 2A)− 2√6λsC −
2√
6
λbA
LP 2√
6
(3λd − λs)(a15 + c15)− 2√6 (3λs − λd)c15
− 2√
6
(λd − λs)(a6 − c6)− 1√6λb(2d3 − 2c15)
D+ → pi+η1 1√
3
λd(T + C + 2A+ 3T
AS) + 1√
3
λsC
1√
3
(3λd − λs)(2a15 + 3b15 + 2c15) + 1√3 (3λs − λd)c15
− 1√
3
λb(2A
LP + 3ALC) − 1√
3
(λd − λs)(2a6 + 3b6 + c6)− 1√3λb(3c3 + 2d3 − 2c15)
D+ → K+K0 λdA+ λsT − λbALP (3λd − λs)a15 + (3λs − λd)c15 − (λd − λs)(a6 − c6)− λbd3
D+s → pi+K0 λdT + λsA− λbALP (3λd − λs)c15 + (3λs − λd)a15 + (λd − λs)(a6 − c6)− λbd3
D+s → pi0K+ − 1√2 (λdC − λsA)−
1√
2
λbA
LP − 1√
2
(3λd − λs)c15 + 1√2 (3λs − λd)a15
+(λd − λs)(a6 − c6)− 1√2λb(d3 − 2c15)
D+s → K+η8 1√6λdC −
1√
6
λs(2T + 2C +A) +
1√
6
λbA
LP − 1√
6
(λd − λs)(a6 − c6) + 1√6 (3λd − λs)c15
− 1√
6
(3λs − λd)(a15 + 4c15) + 1√6λb(d3 + 2c15)
D+s → K+η1 1√3λdC +
1√
3
λs(T + C + 2A+ 3TAS)
1√
3
(3λd − λs)c15 + 1√3 (3λs − λd)(2a15 + 3b15 + 2c15)
− 1√
3
λb(2A
LP + 3ALC) + 1√
3
(λd − λs)(2a6 + 3b6 + c6)− 1√3λb(3c3 + 2d3 − 2c15)
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B. CP violation in charm
Recently, LHCb Collaboration observed the direct CP violation in charm at 5.3σ [2]. The new
world average of ∆adirCP given by the Heavy Flavor Averaging Group (HFLAV) is [99]
∆adirCP = (−1.64± 0.28)× 10−3. (66)
According to this result, Ref. [100] proposed a ∆U = 0 rule in the charm physics and concluded
that the ratio of ∆U = 0 over ∆U = 1 amplitudes is
|p˜0| sin(δstrong) = 0.65± 0.12. (67)
For the ∆U = 0 rule, there are two different arguments: it arises from new physics [101, 102],
or non-perturbative QCD enhancement [103–106]. On the other hand, a long-standing puzzle in
charm decays is the very different D0 → K+K− and D0 → pi+pi− decay rates. In general, the
SU(3) breaking is expected to be around 30%. For example, amplitude T of the D decaying into
KK and pipi in the factorization approach has the expressions as
TKK =
GF√
2
a1(KK)fK(m
2
D −m2K)FD→K0 (m2K),
Tpipi =
GF√
2
a1(pipi)fpi(m
2
D −m2pi)FD→pi0 (m2pi), (68)
and TKK/Tpipi ≈ 1.3 [37]. Such a SU(3) breaking is not enough to explain the branching fractions
of D0 → K+K− and D0 → pi+pi− since [1]
Br(D0 → K+K−) = (4.08± 0.06)× 10−3, Br(D0 → pi+pi−) = (1.445± 0.024)× 10−3, (69)
and
|A(D0 → K+K−)|2
|A(D0 → pi+pi−)|2 '
Br(D0 → K+K−)
Br(D0 → pi+pi−) = 2.80± 0.02. (70)
In the following, we will show that assuming a large quark-loop diagram TLP could be a better
choice to solve the puzzles of large ∆adirCP and the very different branching fractions in D
0 → K+K−
and D0 → pi+pi− decays simultaneously.
In the SU(3)F limit, the amplitudes of D
0 → K+K− and D0 → pi+pi− decays are
A(D0 → K+K−) = λs(T + E) + (λd + λs)(TLP + 2TLA)− λb(PC + PE + 2PA), (71)
A(D0 → pi+pi−) = λd(T + E) + (λd + λs)(TLP + 2TLA)− λb(PC + PE + 2PA), (72)
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in which the penguin-operator-induced amplitudes with quark-loop are neglected. Considering the
U -spin breaking, the amplitude of D0 → K+K− decay can be written as
A(D0 → K+K−) = λs(TKK + EKK) + λd(TLPd + 2TLAd ) + λs(TLPs + 2TLAs )− λb Pen
= λs(TKK + EKK) + λd(T
LP
d + 2T
LA
d ) + λs(T
LP
d + 2T
LA
d + T
LP
break + 2T
LA
break)− λb Pen
= λs(TKK + EKK) + (λd + λs)(T
LP
d + 2T
LA
d ) + λs(T
LP
break + 2T
LA
break)− λb Pen
= λs(TKK + EKK) + λs(T
LP
break + 2T
LA
break)− λb(TLPd + 2TLAd + Pen), (73)
where TLP,LAbreak = T
LP,LA
s − TLP,LAd and Pen = PC + PE + 2PA. Similarly, the amplitude of
D0 → pi+pi− decay can be written as
A(D0 → pi+pi−) = λd(Tpipi + Epipi) + λs(TLPbreak + 2TLAbreak)− λb(TLPd + 2TLAd + Pen). (74)
In the effective Hamiltonian (4), the Wilson coefficients C3−6 are much smaller than C1,2 [96].
The penguin-operator-induced amplitudes are smaller than the tree-operator-induced ones. On
the other hand, topology TLA is suppressed by the OZI rule [107–109]. Thereby, we have following
pattern about topologies in the D0 → K+K− and D0 → pi+pi− decays:
TLP  TLA, PC, PE, PA, TLPbreak  TLAbreak. (75)
Then the decay amplitudes of D0 → K+K− and D0 → pi+pi− are simplified to be
A(D0 → K+K−) ' λs(TKK + EKK) + λsTLPbreak − λbTLP , (76)
A(D0 → pi+pi−) ' λd(Tpipi + Epipi) + λsTLPbreak − λbTLP , (77)
where subscript d of TLP is removed for convenience.
The ratio between D0 → K+K− and D0 → pi+pi− branching fractions is approximated to be
Br(D0 → K+K−)
Br(D0 → pi+pi−) '
|TKK + EKK + TLPbreak|2
|Tpipi + Epipi − TLPbreak|2
. (78)
If we assume |(TKK +EKK)/(Tpipi +Epipi)| ≈ 1.3, by solving the equation (1.3 +x)2/(1−x)2 = 2.8,
we get
|TLPbreak/(Tpipi + Epipi)| ∼ O(0.15). (79)
Considering the strong phases, the situation will be more complicated. But it does not affect the
order estimation. If we assume a normal U -spin breaking in TLP diagram:
|TLPbreak/TLP | ≈ 20% ∼ 30%, (80)
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we get
|TLP /(Tpipi + Epipi)| ' |p˜0| sin(δstrong) ≈ 0.50 ∼ 0.75, (81)
which is consistent with the value extracted from the CP violation in charm given in Eq. (67).
Thereby, the KK−pipi puzzle and the large CP violation in charm can be explained simultaneously
if a large TLP diagram is assumed. The similar idea was proposed in Refs. [35, 37, 88, 89, 110]. But
the measured CP violation in several years ago was too large [111–113] and hence the reliability
was questioned (For instance, P/T extracted by Ref. [110] is about 3). Now the condition is more
reasonable because of the new measurement [2].
D meson decay is dominated by topologies T , C, E, A. In the other diagrams listed in Fig. 2,
only TLP cannot be separated into two disconnected parts by moving the internal gluon lines
and does not suppressed by the OZI rule [107–109]. For the other diagrams, they need the hard
gluon exchanges either to emit a color singlet, or to connect initial and final states. It is plausible
that TLP is enhanced by strong non-perturbative final-state interaction, such as rescattering and
resonance. The authors of [104] and [106] argued that which topology, P or PE (P is called PC
in Ref. [104]), leads to the large CP violation in charm. But since P and PE always appear as
P+PE and topology TLP include main contributions of P and PE, assuming a large TLP diagram
does not conflict to both [104] and [106]. On the other hand, we cannot rule out the possibility
that the large TLP arises from new physics.
Similarly to the D0 → K+K− and D0 → pi+pi− decays, TLPbreak can be used to explain the
branching fraction differences of some D → PV modes, such as D0 → pi−ρ+ and D0 → K−K∗+,
D0 → pi+ρ− and D0 → K+K∗−, D+ → K0SK∗+ and D+s → K0Sρ+. The amplitudes of the D → PV
decays are listed in Appendix A. In Refs. [40, 41, 114, 115], a Glauber strong phase associated with
the pion meson is introduced to solve KK − pipi puzzle. To test which effect, TLPbreak or Glauber
phase, is the dominate source of U -spin breaking, we suggest to measure the branching fractions of
D+ → K0SK∗+ and D+s → K0Sρ+, since there is no pi meson in the final states. The factorization-
assistant topological amplitude approach [41] predicts the branching fractions of D+ → K0SK∗+
and D+s → K0Sρ+ are approximately equal. The amplitudes of D+ → K0SK∗+ and D+s → K0Sρ+
can be written as
A(D+ → K0SK∗+) = sin θC (TP +AP + TLPP,break),
A(D+s → K0Sρ+) = − sin θC (TP +AP − TLPP,break). (82)
Analogy to D0 → K+K− and D0 → pi+pi−, the difference of Br(D+ → K0SK∗+) and Br(D+s →
K0Sρ
+) might be large. If the ratio of Br(D+ → K0SK∗+) and Br(D+s → K0Sρ+) is beyond the
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normal SU(3) breaking, it might be an evidence of a large TLPP,break. The branching fraction of
D+ → K0SK∗+ is poorly measured so far [1]:
Br(D+ → K0SK∗+) = (1.6± 0.7)%. (83)
And the branching fraction of D+s → K0Sρ+ has not been measured yet. The precise measurements
of Br(D+ → K0SK∗+) and Br(D+s → K0Sρ+) are desirable.
Above discussion can be generalized into the charmed baryon decay modes Λ+c → Σ+K∗0 and
Ξ+c → pK∗0. In Ref. [74], we find that if two singly Cabibbo-suppressed decay modes of charmed
hadrons are associated by a complete interchange of d and s quarks, their decay amplitudes are
connected by a complete interchange of λd and λs in the U -spin limit. As a consequence, the
tree-operator-induced amplitudes of Λ+c → Σ+K∗0 and Ξ+c → pK∗0 under the U -spin symmetry
can be parameterized to be
A(Λ+c → Σ+K∗0) = λdTA + λsTB + (λd + λs)TL,
A(Ξ+c → pK∗0) = λdTB + λsTA + (λd + λs)TL, (84)
in which TA, TB and TL are not the specific topological amplitudes but the sum of the topological
amplitudes proportional to λd, λs and (λd + λs) respectively. Neglecting the small quark-loop
contributions proportional to λb, we have
|A(Λ+c → Σ+K∗0)| ' |A(Ξ+c → pK∗0)|. (85)
However, the experimental data of branching fractions [1, 78],
Br(Λ+c → Σ+K∗0) = (3.4± 1.0)× 10−3, Br(Ξ+c → pK∗0) = (2.75± 1.02)× 10−3, (86)
show that the ratio between the decay amplitudes A(Λ+c → Σ+K∗0) and A(Ξ+c → pK∗0) is
|A(Λ+c → Σ+K∗0)/A(Ξ+c → pK∗0)| ≈ 2.1± 0.5. (87)
Such a ratio, at least its central value, is larger than |A(D0 → K+K−)/A(D0 → pi+pi−)| ≈ 1.67.
Considering the U -spin breaking, the tree-operator-induced amplitudes of Λ+c → Σ+K∗0 and Ξ+c →
pK
∗0
are
A(Λ+c → Σ+K∗0) ' cos θC sin θC(TBs − TAd + TLbreak),
A(Ξ+c → pK∗0) ' − cos θC sin θC(TBd − TAs + TLbreak). (88)
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Just like the D0 → K+K− and D0 → pi+pi− modes, we can introduce a large TLbreak to explain the
large ratio in Eq. (87). If so, |TL/(TA − TB)| must be O(1). And a large |TL/(TA − TB)| results
in large CP asymmetries in the Λ+c → Σ+K∗0 and Ξ+c → pK∗0 modes. K∗0 is a primary resonance
in Ξ+c → pK−pi+ decay since [1]
Br(Ξ+c → pK∗0)/Br(Ξ+c → pK−pi+) = 0.54± 0.10. (89)
So we predict CP violation in the Ξ+c → pK−pi+ mode can reach to be O(10−3). Since all the
final-state particles in the Ξ+c → pK−pi+ decay are preferable in experiments, it is a promising
mode to search for CP violation of the charmed baryon decays.
IV. SYMMETRY BREAKING AND SPLITTING OF TOPOLOGIES
Our framework provides a simple and systematic way to formulate the flavor symmetry breaking
effects. In this section, we will use some examples to illustrate how the flavor symmetry breaking
effects are included in the tensor form of topology.
A. Linear SU(3)F breaking
In Ref. [88], the D → PP decays without η and η′ are analyzed in the TDA approach with the
linear SU(3)F breaking. In this method, the total Hamiltonian is written as H = H0 +H1, where
H0 is the QCD Hamiltonian with mu = md = ms. H1 consists of the weak |∆C| = 1 Hamiltonian
HW and the SU(3)F breaking Hamiltonian: HSU(3)F = (ms−md)ss. In this subsection, we express
the topological amplitudes with linear SU(3)F breaking in the tensor form.
In the D → PP decays without η and η′ mesons, neglecting the penguin-operator-induced
amplitudes, only six terms in Eq. (22) left:
ATDADγ→PαPβ = T (Dγ)i(H)ljk (Pα)ij(Pβ)kl + C(Dγ)i(H)jlk (Pα)ij(Pβ)kl + E(Dγ)i(H)ilj (Pα)jk(Pβ)kl
+A(Dγ)i(H)
li
j (Pα)
j
k(Pβ)
k
l + T
LP (Dγ)i(H)
kl
l (Pα)
i
j(Pβ)
j
k + T
LA(Dγ)i(H)
il
l (Pα)
j
k(Pβ)
k
j
+ α↔ β. (90)
Considering the first order of HSU(3)F , amplitude of the D → PP decay can be obtained by
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summing all possible invariant tensors in which index 3 (presenting s quark) is written explicitly:
ATDA,SU(3)FDγ→PαPβ = T (Dγ)i(H)
lj
k (Pα)
i
j(Pβ)
k
l + T1(Dγ)i(H)
l3
k (Pα)
i
3(Pβ)
k
l + T2(Dγ)i(H)
lj
3 (Pα)
i
j(Pβ)
3
l
+ T3(Dγ)3(H)
lj
k (Pα)
l
j(Pβ)
k
3 + C(Dγ)i(H)
jl
k (Pα)
i
j(Pβ)
k
l + C1(Dγ)i(H)
j3
k (Pα)
i
j(Pβ)
k
3
+ C2(Dγ)i(H)
jl
3 (Pα)
i
j(Pβ)
3
l + C3(Dγ)3(H)
jl
k (Pα)
3
j (Pβ)
k
l + E(Dγ)i(H)
il
j (Pα)
j
k(Pβ)
k
l
+ E1(Dγ)i(H)
i3
j (Pα)
j
k(Pβ)
k
3 + E2(Dγ)i(H)
il
3 (Pα)
3
k(Pβ)
k
l + E3(Dγ)i(H)
il
j (Pα)
j
3(Pβ)
3
l
+A(Dγ)i(H)
li
j (Pα)
j
k(Pβ)
k
l +A1(Dγ)3(H)
l3
j (Pα)
j
k(Pβ)
k
l +A2(Dγ)i(H)
li
3 (Pα)
3
k(Pβ)
k
l
+A3(Dγ)i(H)
li
j (Pα)
j
3(Pβ)
3
l + T
LP
break(Dγ)i(H)
k3
3 (Pα)
i
j(Pβ)
j
k + α↔ β, (91)
where the flavor symmetric part and other SU(3)F breaking terms of T
LP diagram are ignored
because they are proportional to V ∗cdVud + V
∗
csVus = −V ∗cbVub. Following [88], topology TLA is
also neglected in Eq. (91). Comparing Eq. (91) with the Table. II in Ref. [88], one can find the
topological amplitudes defined in this work match to the ones defined in Ref. [88] one by one:
T = T, T1 = T + T
(1)
1 , T2 = T + T
(1)
2 , T3 = T + T
(1)
3 , ... . (92)
The emergence of topologies T1, T2... is analogous to the splitting of energy levels in atomic
or nuclear physics. In the flavor SU(3) symmetry, some diagrams, for instance T , T1, T2, T3, are
degenerate, T = T1 = T2 = T3. When the SU(3)F symmetry breaks into its SU(2) subgroup, the
original T diagram splits into four different diagrams. In subsection IV C, we will show a more
complicated example of symmetry breaking and topological diagram splitting.
B. High order U-spin breaking
In this subsection, we study the U -spin symmetry and its breaking, taking D0 → K−pi+,
D0 → K+K−, D0 → pi+pi− and D0 → K+pi− decays as examples. There are four tree operators in
the SM contributing to the charm decay: Odus, O
s
ud, O
d
ud and O
s
us. The u quark, which has nothing
to do with U -spin, always appears in the first lower index of Okij . Thereby, the tree operators
associated with the U -spin symmetry in the charm decay can be written as Ojui. The two indices
of Ojui transform according to the representation of SU(2) group and 1 = d, 2 = s.
Mesons pi− and K− form a U -spin doublet, (P )ui |P 〉iu. Mesons K+ and pi+ form another U -spin
doublet, (P )iu|P 〉ui . Under the U -spin symmetry, the amplitude of D0 decay is expressed as
AD0→PuPu = A (D0)(H)uji (P )iu(P )uj +AL (D0)(H)uii (P )ju(P )uj , (93)
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Expanding Eq. (93) in the D0 → K−pi+, D0 → K+K−, D0 → pi+pi− and D0 → K+pi− decays, we
have
A(D0 → K−pi+) = V ∗csVudA, A(D0 → K+K−) = V ∗csVusA+ (V ∗cdVud + V ∗csVus)AL,
A(D0 → K+pi−) = V ∗cdVusA, A(D0 → pi+pi−) = V ∗cdVudA+ (V ∗cdVud + V ∗csVus)AL. (94)
These results are consistent with the results in flavor SU(3) symmetry if A = T + E and AL =
TLP +2TLA. Considering the approximation of V ∗csVud ' cos2 θC , V ∗csVus ' −V ∗cdVud ' cos θC sin θC
and V ∗cdVus ' − sin2 θC , our results are consistent with Eq. (3) in Ref. [94].
A(D0 → K−pi+) = cos2 θCA, A(D0 → K+K−) = cos θC sin θCA,
A(D0 → K+pi−) = − sin2 θCA, A(D0 → pi+pi−) = − cos θC sin θCA. (95)
In Ref. [93–95, 110, 116–121], a perturbative method of the U -spin breaking was proposed. In
this method, the arbitrary order U -spin breaking corrections to decay amplitude 〈f |Heff |D0〉 are
obtained by introducing a s − d spurion mass operator, mss − mdd, into the Hamiltonian or the
initial and final states. The s−d spurion mass operator is the U3 = 0 component of U -spin triplet.
Using the s− d spurion mass operator, the author of [94] derived the first and second order U -spin
breaking corrections to the D0 → K−pi+, D0 → K+K−, D0 → pi+pi− and D0 → K+pi− decays.
Since the two indices of the s− d spurion mass operator are transformed as the representations of
SU(2) group, we can write the s − d spurion mass operator as (m)ijmji , in analogy with Eq. (3)
and Eq. (13). The non-zero components of (m)ij are (m)
1
1 = −1 and (m)22 = 1. To include the
U -spin breaking in the tensor form of topology, we should contract the indices of (m)ba with (H)
uj
i ,
(P )ku and (P )
u
l (in the case of D
0 decay). For example, the D0 decay amplitude with the first order
U -spin breaking corrections can be written as
A1th =Aε(1)1 (D0)(H)uki (m)jk (P )iu(P )uj +Aε(1)2 (D0)(H)ujk (m)ki (P )iu(P )uj
+Aε
(1)
3 (D
0)(H)uki (m)
i
k (P )
j
u(P )
u
j , (96)
in which some terms are dropped due to (m)ii = 1 − 1 = 0 and (H)uii = V ∗cdVud + V ∗csVus ≈ 0.
Parameters ε
(1)
n presents the first order U -spin breaking corrections to A. With Eq. (96), the decay
amplitudes of D0 → K−pi+, D0 → K+K−, D0 → pi+pi− and D0 → K+pi− read as
A0,1th(D0 → K−pi+) = cos2 θCA(1 + ε(1)1 − ε(1)2 ),
A0,1th(D0 → K+pi−) = − sin2 θCA(1− ε(1)1 + ε(1)2 ),
A0,1th(D0 → K+K−) = cos θC sin θCA(1 + ε(1)1 + ε(1)2 + 2ε(1)3 ),
A0,1th(D0 → pi+pi−) = − cos θC sin θCA(1− ε(1)1 − ε(1)2 − 2ε(1)3 ). (97)
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Notice that the first order U -spin breaking corrections are opposite in A(D0 → K−pi+) and
A(D0 → K+pi−), and in A(D0 → K+K−) and A(D0 → pi+pi−), being consistent with [94]. By
comparing the last two equations of Eq. (97) with Eqs. (73) and (74), one can find 2(ε
(1)
1 + ε
(1)
2 )A
is the difference between TKK + EKK and Tpipi + Epipi, and 2ε
(1)
3 A is (T
LP
break + 2Tbreak).
The first order U -spin breaking induced by the s−d spurion mass operator and the linear SU(3)F
breaking are equivalent. If we ”translate” the mss − mdd to mss, the amplitudes of D0 → K−pi+,
D0 → K+K−, D0 → pi+pi− and D0 → K+pi− with the 0th and first order U -spin breaking are
A0,1th(D0 → K−pi+) = cos2 θCA(1 + ε(1)1 ), A0,1th(D0 → K+pi−) = − sin2 θCA(1 + ε(1)2 ),
A0,1th(D0 → K+K−) = cos θC sin θCA(1 + ε(1)1 + ε(1)2 + ε(1)3 ),
A0,1th(D0 → pi+pi−) = − cos θC sin θCA(1− ε(1)3 ). (98)
Compared to the results given in linear SU(3)F breaking [88], the equivalence relations of the two
methods in the D0 → K−pi+, D0 → K+K−, D0 → pi+pi− and D0 → K+pi− decays are
Aε
(1)
1 = T
(1)
1 + E
(1)
1 , Aε
(1)
2 = T
(1)
2 + E
(1)
2 , Aε
(1)
3 = Pbreak. (99)
The D0 decay amplitude with the second order U -spin breaking can be constructed as
A2th = Aε(2)1 (D0)(H)uki (m)jl (m)lk (P )iu(P )uj +Aε(2)2 (D0)(H)ujk (m)li (m)kl (P )iu(P )uj
+Aε
(2)
3 (D
0)(H)ulk (m)
k
i (m)
j
l (P )
i
u(P )
u
j +Aε
(2)
4 (D
0)(H)uji (m)
k
l (m)
l
k (P )
i
u(P )
u
j
+Aε
(2)
5 (D
0)(H)ukl (m)
j
i (m)
l
k (P )
i
u(P )
u
j +Aε
(2)
6 (D
0)(H)uki (m)
i
j (m)
j
k (P )
l
u(P )
u
l , (100)
And the corrections to the D0 → K−pi+, D0 → K+K−, D0 → pi+pi− and D0 → K+pi− are
A2th(D0 → K−pi+) = cos2 θCA(ε(2)1 + ε(2)2 − ε(2)3 + 2ε(2)4 ),
A2th(D0 → K+pi−) = − sin2 θCA(ε(2)1 + ε(2)2 − ε(2)3 + 2ε(2)4 ),
A2th(D0 → K+K−) = cos θC sin θCA(ε(2)1 + ε(2)2 + ε(2)3 + 2ε(2)4 + 2ε(2)5 ),
A2th(D0 → pi+pi−) = − cos θC sin θCA(ε(2)1 + ε(2)2 + ε(2)3 + 2ε(2)4 + 2ε(2)5 ). (101)
One can find the second order U -spin breaking corrections are the same in A(D0 → K−pi+) and
A(D0 → K+pi−), and in A(D0 → K+K−) and A(D0 → pi+pi−), being consistent with Ref. [94].
C. Strange-less charm decay v.s. Charm-less bottom decay
From above two examples, the linear SU(3)F breaking and the the high order U -spin breaking,
one can find the tensor form of topology provides a simple and systematic way to formulate the
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flavor symmetry breaking effects. In this subsection, we study a more complected physical system,
the charm-less B decay. The SU(3) analysis on the charm-less B decays is different from the D
decays because the charm-quark loop is beyond the SU(3) symmetry. To describe the charm-less
B decay in the topological amplitudes and the SU(3) irreducible amplitudes, the broken SU(4)
symmetry should be considered. Before discussing the charm-less B decays, the strange-less charm
decays are studied to show the basic idea.
1. Strange-less charm decay
For the strange-less charm decay, the flavor symmetry is the isospin symmetry. D0 and D+
form an isospin doublet |Di〉 = (|D0〉, |D+〉) and pi+, pi0, pi−, ηq form a quartet
|P 〉ij =
 1√2 |pi0〉, |pi+〉
|pi−〉, − 1√
2
|pi0〉
+ 1√
2
 |ηq〉, 0
0, |ηq〉
 . (102)
To find all the topological amplitudes contributing to the strange-less charm decay, the first step
is to find a appropriate assemble of the four-quark operators. One might use Okij to describe the
strange-less charm decay, just like we have done in Sec. II. But Okij is not enough. O
k
ij means
that all the indices i, j and k transform as the foundational or conjugate representations of SU(2)
group. So Okij cannot contain s-quark loop contributions. To give a complete description to the
strange-less charm decay, Ossj and O
s
js, i.e., the s-quark loop contributions, should be included. In
analogy with the linear SU(3)F breaking, the amplitude of the strange-less charm decay, in which
index 3 = s is written explicitly, is
ATDAs−less = T (Dγ)i(H)ljk (Pα)ij(Pβ)kl + C (Dγ)i(H)jlk (Pα)ij(Pβ)kl + E (Dγ)i(H)ilj (Pα)jk(Pβ)kl
+A (Dγ)i(H)
li
j (Pα)
j
k(Pβ)
k
l + T
ES(Dγ)i(H)
ij
l (Pα)
l
j(Pβ)
k
k + T
AS(Dγ)i(H)
ji
l (Pα)
l
j(Pβ)
k
k
+ TLP (Dγ)i(H)
kl
l (Pα)
i
j(Pβ)
j
k + T
LC(Dγ)i(H)
jl
l (Pα)
i
j(Pβ)
k
k + T
LA(Dγ)i(H)
il
l (Pα)
j
k(Pβ)
k
j
+ TLS(Dγ)i(H)
il
l (Pα)
j
j(Pβ)
k
k + T
QP (Dγ)i(H)
lk
l (Pα)
i
j(Pβ)
j
k + T
QC(Dγ)i(H)
lj
l (Pα)
i
j(Pβ)
k
k
+ TQA(Dγ)i(H)
li
l (Pα)
j
k(Pβ)
k
j + T
QS(Dγ)i(H)
li
l (Pα)
j
j(Pβ)
k
k + T
LP
s (Dγ)i(H)
ks
s (Pα)
i
j(Pβ)
j
k
+ TLCs (Dγ)i(H)
js
s (Pα)
i
j(Pβ)
k
k + T
LA
s (Dγ)i(H)
is
s (Pα)
j
k(Pβ)
k
j + T
LS
s (Dγ)i(H)
is
s (Pα)
j
j(Pβ)
k
k
+ TQPs (Dγ)i(H)
sk
s (Pα)
i
j(Pβ)
j
k + T
QC
s (Dγ)i(H)
sj
s (Pα)
i
j(Pβ)
k
k + T
QA
s (Dγ)i(H)
si
s (Pα)
j
k(Pβ)
k
j
+ TQSs (Dγ)i(H)
si
s (Pα)
j
j(Pβ)
k
k + α↔ β. (103)
In Eq. (103), the first six terms denote the diagrams without quark loop, the middle eight terms
denote the diagrams with light-quark loop diagrams, and the last eight terms denote the s-quark
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loop diagrams.
The explicit SU(2) decomposition of Okij is found in Eq. (49). All components of the O
k
ij
irreducible presentation are listed following.
2p presentation:
O(2p)1 = (u¯u)(u¯c) + (d¯d)(u¯c), O(2p)2 = (u¯u)(d¯c) + (d¯d)(d¯c). (104)
2t presentation:
O(2t)1 = (u¯u)(u¯c) + (u¯d)(d¯c), O(2t)2 = (d¯u)(u¯c) + (d¯d)(d¯c). (105)
4 presentation:
O(4)111 = (u¯u)(u¯c)− [(u¯d)(d¯c) + (d¯d)(u¯c)], O(4)222 = (d¯d)(d¯c)− [(d¯u)(u¯c) + (u¯u)(d¯c)],
O(4)121 = [(u¯u)(d¯c) + (d¯u)(u¯c)]− (d¯d)(d¯c)], O(4)212 = [(u¯d)(d¯c) + (d¯d)(u¯c)]− (u¯u)(u¯c)],
O(4)211 = 3 (u¯d)(u¯c), O(4)
1
22 = 3 (d¯u)(d¯c). (106)
There are only four independent operators in Eq. (106) since
O(4)111 = −O(4)212, O(4)222 = −O(4)121. (107)
The operators Osjs and O
s
sj are the SU(2) irreducible representations themselves, labeled by 2
′ and
2′′, respectively. The SU(2) irreducible amplitude of the strange-less charm decay is expressed as
AIRAs−less = a4(Dγ)i(H(4))ijk (Pα)lj(Pβ)kl + b4(Dγ)i(H(4))ijk (Pα)kj (Pβ)ll + c4(Dγ)i(H(4))jlk (Pα)ij(Pβ)kl
+ ap2(Dγ)i(H(2p))
i(Pα)
k
j (Pβ)
j
k + b
p
2(Dγ)i(H(2p))
i(Pα)
k
k(Pβ)
j
j + c
p
2(Dγ)i(H(2p))
k(Pα)
i
k(Pβ)
j
j
+ dp2(Dγ)i(H(2p))
k(Pα)
i
j(Pβ)
j
k + a
t
2(Dγ)i(H(2t))
i(Pα)
k
j (Pβ)
j
k + b
t
2(Dγ)i(H(2t))
i(Pα)
k
k(Pβ)
j
j
+ ct2(Dγ)i(H(2t))
k(Pα)
i
k(Pβ)
j
j + d
t
2(Dγ)i(H(2t))
k(Pα)
i
j(Pβ)
j
k + a
′
2(Dγ)i(H(2
′))i(Pα)kj (Pβ)
j
k
+ b′2(Dγ)i(H(2
′))i(Pα)kk(Pβ)
j
j + c
′
2(Dγ)i(H(2
′))k(Pα)ik(Pβ)
j
j + d
′
2(Dγ)i(H(2
′))k(Pα)ij(Pβ)
j
k
+ a′′2(Dγ)i(H(2
′′))i(Pα)kj (Pβ)
j
k + b
′′
2(Dγ)i(H(2
′′))i(Pα)kk(Pβ)
j
j + c
′′
2(Dγ)i(H(2
′′))k(Pα)ik(Pβ)
j
j
+ d′′2(Dγ)i(H(2
′′))k(Pα)ij(Pβ)
j
k + α↔ β. (108)
By substituting Eq. (49) into the amplitudes of T , C, E..., the relations between topological
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diagrams and the irreducible amplitudes in the strange-less charm decay are derived to be
a4 =
E +A
3
, b4 =
TES + TAS
3
, c4 =
T + C
3
,
at2 =
2
3
E − 1
3
A+ TLA, ap2 = −
1
3
E +
2
3
A+ TQA,
bt2 =
2
3
TES − 1
3
TAS + TLS , bp2 = −
1
3
TES +
2
3
TAS + TQS ,
ct2 = −
1
3
T +
2
3
C − 1
3
TES +
2
3
TAS + TLC , cp2 =
2
3
T − 1
3
C +
2
3
TES − 1
3
TAS + TQC ,
dt2 =
2
3
T − 1
3
C − 1
3
E +
2
3
A+ TLP , dp2 = −
1
3
T +
2
3
C +
2
3
E − 1
3
A+ TQP ,
a′2 = T
LA
s , b
′
2 = T
LS
s , c
′
2 = T
LC
s , d
′
2 = T
LP
s ,
a′′2 = T
QA
s , b
′′
2 = T
QS
s , c
′′
2 = T
QC
s , d
′′
2 = T
QP
s . (109)
According to Eq. (4), the non-zero CKM components induced by the tree operators in the SM
are
(H(0))122 = V
∗
cdVud, (H
(0))1ss = V
∗
csVus. (110)
The non-zero components induced by the penguin operators are
(H(1))111 = −V ∗cbVub, (H(1))212 = −V ∗cbVub, (H(1))s1s = −V ∗cbVub. (111)
In the SU(2) irreducible amplitudes, the non-zero CKM components induced by the tree operators
are
(H(0)(2t))
1 = V ∗cdVud, (H
(0)(2′))1 = V ∗csVus,
(H(0)(4))111 = −V ∗cdVud, (H(0)(4))122 = V ∗cdVud. (112)
The non-zero CKM components induced by the penguin operators are
(H(1)(2t))
1 = −V ∗cbVub, (H(1)(2p))1 = −2V ∗cbVub, (H(1)(2′′))1 = −V ∗cbVub. (113)
In the SM, not all the amplitudes in Eq. (103) contribute to the strange-less charm decays. If
the tree operators are inserted, all the diagrams with superscript QX vanish because there is no
tree level FCNC transition in the SM. If the penguin operators are inserted, PLPs , P
LC
s , P
LA
s and
PLSs vanish. Similar to Eq. (64), the amplitudes associated with the 2-dimensional presentations
in Eq. (108) can be absorbed into four parameters with following redefinition:
a2 = −λd
λb
at2 −
λs
λb
a′2 + Pa
t
2 + 2Pa
p
2 + Pa
′′
2, b2 = −
λd
λb
bt2 −
λs
λb
b′2 + Pb
t
2 + 2Pb
p
2 + Pb
′′
2,
c2 = −λd
λb
ct2 −
λs
λb
c′2 + Pc
t
2 + 2Pc
p
2 + Pc
′′
2, d2 = −
λd
λb
dt2 −
λs
λb
d′2 + Pd
t
2 + 2Pd
p
2 + Pd
′′
2. (114)
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So there are only seven independent parameters in the strange-less charm decay in the SM. The
tree-operator-induced amplitudes with quark loop and all penguin-operator-induced amplitudes in
Eq. (103) can be absorbed into four parameters with following redefinition:
ALA = −λd
λb
TLA − λs
λb
TLAs + PA+ P
LA + 2PQA + PQAs ,
ALS = −λd
λb
TLS − λd
λb
TLSs + P
AS + PLS + 2PQS + +PQSs ,
ALC = −λd
λb
TLC − λs
λb
TLCs + PT + P
ES + PLC + 2PQC + PQCs ,
ALP = −λd
λb
TLP − λs
λb
TLPs + PC + PE + P
LP + 2PQP + PQPs . (115)
As an example of the strange-less charm decays, we write down the decay amplitude of D0 →
pi+pi−. The SU(2) irreducible amplitude of D0 → pi+pi− is
A(D0 → pi+pi−) = λdc4 − λb(2a2 + d2). (116)
The topological amplitude of D0 → pi+pi− reads as
A(D0 → pi+pi−) = λd(T + E)− λb(ALP + 2ALA)
= λd(T + E) + λd(T
LP + 2TLA) + λs(T
LP
s + 2T
LA
s )
− λb(PC + PE + 2PA+ PLP + 2PLA + 2PQP + 4PQA + PQPs + 2PQAs ). (117)
If the difference between the s-quark loop and u/d-quark loop is neglected, Eq. (117) returns to
the result in the SU(3)F symmetry:
A(D0 → pi+pi−) = λd(T + E) + (λd + λs)(TLP + 2TLA)
− λb(PC + PE + 2PA+ PLP + 2PLA + 3PQP + 6PQA). (118)
2. Charm-less bottom decay
In the charm-less B decay, the SU(4)F symmetry breaks into the SU(3)F symmetry. Analogy to
the strange-less charm decay, the index 4 = c is written explicitly in the amplitude. The B meson
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triplet is |Bi〉 = (|B+〉, |B0〉, |B0s〉). The amplitude of the charm-less B decay is constructed by
ATDAc−less = T (B)i(H)jlk (Pα)ij(Pβ)kl + C (B)i(H)ljk (Pα)ij(Pβ)kl + E (B)i(H)lij (Pα)jk(Pβ)kl
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j
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k
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k
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j
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k
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QC
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QA
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j
j(Pβ)
k
k + α↔ β. (119)
The SU(3) decomposition of Okij in the B decay is presented in Appendix B. The SU(3) irreducible
amplitude of the charm-less B decay is expressed to be
AIRAc−less = a15(B)i(H(15))ijk (Pα)lj(Pβ)kl + b15(B)i(H(4))ijk (Pα)kj (Pβ)ll + c15(B)i(H(15))jlk (Pα)ij(Pβ)kl
+ a6(B)i(H(6))
ji
k (Pα)
l
j(Pβ)
k
l + b6(B)i(H(6))
ji
k (Pα)
k
j (Pβ)
l
l + c6(B)i(H(6))
lj
k (Pα)
i
j(Pβ)
k
l
+ a3(B)i(H(3))
i(Pα)
k
j (Pβ)
j
k + b3(B)i(H(3))
i(Pα)
k
k(Pβ)
j
j + c
p
3(B)i(H(3))
k(Pα)
i
k(Pβ)
j
j
+ d3(B)i(H(3))
k(Pα)
i
j(Pβ)
j
k + a
′
3(B)i(H(3
′))i(Pα)kj (Pβ)
j
k + b
′
3(B)i(H(3
′))i(Pα)kk(Pβ)
j
j
+ c′3(B)i(H(3
′))k(Pα)ik(Pβ)
j
j + d
′
3(B)i(H(3
′))k(Pα)ij(Pβ)
j
k + +a
′′
3(B)i(H(3
′′))i(Pα)kj (Pβ)
j
k
+ b′′3(B)i(H(3
′′))i(Pα)kk(Pβ)
j
j + c
′′
3(B)i(H(3
′′))k(Pα)ik(Pβ)
j
j + d
′′
3(B)i(H(3
′′))k(Pα)ij(Pβ)
j
k
+ a′′′3 (B)i(H(3
′′′))i(Pα)kj (Pβ)
j
k + b
′′′
3 (B)i(H(3
′′′))i(Pα)kk(Pβ)
j
j + c
t
2(B)i(H(3
′′′))k(Pα)ik(Pβ)
j
j
+ d′′′3 (B)i(H(3
′′′))k(Pα)ij(Pβ)
j
k + α↔ β. (120)
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By substituting Eq. (B1) into the amplitudes of T , C, E..., the relations between topological
diagrams and the SU(3) irreducible amplitudes in the charm-less B decay are derived to be
a6 =
E −A
4
, b6 =
TES − TAS
4
, c6 =
−T + C
4
,
a15 =
E +A
8
, b15 =
TES + TAS
8
, c15 =
T + C
8
,
a′3 =
3
8
E − 1
8
A+ TLA, a3 = −1
8
E +
3
8
A+ TQA,
b′3 =
3
8
TES − 1
8
TAS + TLS , b3 = −1
8
TES +
3
8
TAS + TQS ,
c′3 = −
1
8
T +
3
8
C − 1
8
TES +
3
8
TAS + TLC , c3 =
3
8
T − 1
8
C +
3
8
TES − 1
8
TAS + TQC ,
d′3 =
3
8
T − 1
8
C − 1
8
E +
3
8
A+ TLP , d3 = −1
8
T +
3
8
C +
3
8
E − 1
8
A+ TQP ,
a′′2 = T
LA
c , b
′′
2 = T
LS
c , c
′′
2 = T
LC
c , d
′′
2 = T
LP
c ,
a′′′2 = T
QA
c , b
′′′
2 = T
QS
c , c
′′′
2 = T
QC
c , d
′′′
2 = T
QP
c . (121)
The non-zero CKM components (H(0,1))ijk , (H
(0,1))cic , (H
(0,1))icc in the SM and their SU(3)
decompositions are listed in Appendix B. Similar to the strange-less charm decay, if the tree
operators are inserted into the diagrams in Eq. (120), all the diagrams with superscript QX vanish.
If the penguin operators are inserted into the diagrams, PLPc , P
LC
c , P
LA
c and P
LS
c vanish. The
SU(3) irreducible amplitudes contributing to ∆S = 0 transition associated with 3-dimensional
presentations can be absorbed into four parameters with following redefinition:
a3 = −λu
λt
a′3 −
λc
λt
a′′3 + Pa
′
3 + 3Pa3 + Pa
′′′
3 , b3 = −
λu
λt
b′3 −
λc
λt
b′′3 + Pb
′
3 + 3Pb3 + Pb
′′′
3 ,
c3 = −λu
λt
c′3 −
λc
λt
c′′3 + Pc
′
3 + 3Pc3 + Pc
′′′
3 , d3 = −
λu
λt
d′3 −
λc
λt
d′′3 + Pd
′
3 + 3Pd3 + Pd
′′′
3 , (122)
where λu = VubV
∗
ud, λc = VcbV
∗
cd, λt = VtbV
∗
td. The tree-operator-induced topological amplitudes
with quark loop and all the penguin-operator-induced topological amplitudes contributing to ∆S =
0 transition can be absorbed into four parameters with following redefinition:
ALA = −λu
λt
TLA − λc
λt
TLAc + PA+ P
LA + 3PQA + PQAc ,
ALS = −λu
λt
TLS − λc
λt
TLSc + P
AS + PLS + 3PQS + +PQSc ,
ALC = −λu
λt
TLC − λc
λt
TLCc + PT + P
ES + PLC + 3PQC + PQCc ,
ALP = −λu
λt
TLP − λc
λt
TLPc + PC + PE + P
LP + 3PQP + PQPc . (123)
For ∆S = −1 transition, λu,c,t in Eqs. (122) and (123) are replaced by λ′u,c,t and λ′u = VubV ∗us,
λ′c = VcbV ∗cs, λ′t = VtbV ∗ts. After the redefinitions, there are ten parameters left in the charm-less B
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decay in the SU(3)F symmetry. Considering the analysis in subsection II C, there are only nine
independent parameters in the charm-less B decays in the SM.
As an example of the charm-less B decays, we write down the amplitude of B
0 → pi+pi− decay.
The SU(3) irreducible amplitude of B
0 → pi+pi− decay is
A(B0 → pi+pi−) = λu(a15 + 3c15 + a6 − c6)− λt(2a3 + d3). (124)
The topological amplitude of B
0 → pi+pi− decay is
A(B0 → pi+pi−) = λu(T + E)− λt(ALP + 2ALA)
= λu(T + E) + λu(T
LP + 2TLA) + λc(T
LP
c + 2T
LA
c )
− λt(PC + PE + 2PA+ PLP + 2PLA + 3PQP + 6PQA + PQPc + 2PQAc ). (125)
In above formula, the charm-quark loop amplitudes are written explicitly. If the difference between
the c-quark loop and u/d/s-quark loop is neglected, Eq. (125) is simplified to the result under the
flavor SU(4) symmetry:
A(B0 → pi+pi−) =λu(T + E) + (λu + λc)(TLP + 2TLA)
− λt(PC + PE + 2PA+ PLP + 2PLA + 4PQP + 8PQA). (126)
From the two examples, the strange-less decay and the charm-less bottom decay, one can find
operator Okij with its indices transforming according to one symmetry group might not include
all the contributions for one type of decay. Operators beyond the given flavor symmetry should
be included in the topological amplitudes to get a complete description. The corresponding irre-
ducible amplitudes should be modified to match the topological amplitudes. If not, the topological
amplitudes and the irreducible amplitudes are not equivalent.
The strange-less charm decay and the charm-less bottom decay are two examples of the de-
generacy and splitting of topologies. In the strange-less charm decay, the u, d-quark loops and
s-quark loop are degenerate in the flavor SU(3) symmetry. When the SU(3)F symmetry breaks
into isospin symmetry, the identical u, d, s-quark loops split into the unequal u, d-quark loops and
s-quark loop. The similar situation also exist in the charm-less B decay and the sole difference is
that the SU(4) group breaking into SU(3) group replaces the SU(3) group breaking into SU(2)
group. One can investigate the flavor SU(3) symmetry breaking into the SU(2) symmetry in the
B decay too. The flavor symmetry breaking follows the subgroup chain SU(4)→ SU(3)→ SU(2)
and the topological amplitudes split further.
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V. CONCLUSION
In this work, we proposed a self-consistent and systematic theoretical framework for the topo-
logical amplitudes and the equivalent SU(N) irreducible amplitudes in the two-body nonleptonic
heavy meson decays. Some model-independent conclusions are listed following.
1. The topological diagrams can be formalized as invariant tensors constituted by the four-
fermion operators and the initial and final states.
2. The amount of possible topologies contributing to one type of decay can be counted in
permutations and combinations.
3. The Wigner-Eckhart theorem ensures the topological amplitude is independent of the ini-
tial/final states in one SU(N) multiplet.
4. The sole difference between topological amplitudes and SU(N) irreducible amplitudes is
whether the four-quark operators are decomposed into irreducible representations of SU(N)
group or not, so they are equivalent.
5. The fact that one of the topologies in the D and B decays is not independent under the
SU(3)F limit can be explained in the group theory.
6. The independence of topologies depends on the symmetry of the physical system.
Using our framework to the D → PP decays in the Standard Model, we drew some useful
conclusions following.
1. The topological diagrams can be classified into tree- and penguin-operator-induced diagrams
according to which operators being inserted into the effective vertexes, no matter whether
the diagrams involving quark-loop or not.
2. Once the tree-operator-induced topological amplitudes being determined, the penguin-
operator-induced topological amplitudes are determined too.
3. There are ten tree-operator-induced and fourteen penguin-operator-induced diagrams con-
tributing to the D → PP decays in the SM, but only nine of the twenty-four diagrams are
independent in the SU(3)F limit.
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4. Assuming a large quark loop diagram TLP could explain the large CP violation in charm
and the very different branching fractions of D0 → K+K− and D0 → pi+pi− decays with a
normal U -spin breaking.
5. Ξ+c → pK−pi+ is a promising mode to search for CP violation in the charmed baryon decays.
Our framework can include the flavor SU(N) breaking effects naturally. Some conclusions are
listed following.
1. The linear SU(3)F breaking and the high-order U -spin breaking in the charm decays can be
reformulated as tensor form of topology, being consistent with literature.
2. The degeneracy/splitting of topologies in the heavy quark decays is similar to the degener-
acy/splitting of energy levels in atomic/nuclear physics.
3. The SU(3)F analysis for the charm-less B meson decays is different from the D meson decays
because the charm-quark loop is beyond the SU(3) symmetry and should be analyzed in the
symmetry breaking of SU(4)→ SU(3).
Our theoretical framework for the topological amplitudes and their SU(N) decomposition can
be generalized into other decay modes, which we leave for future work.
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Appendix A: Topologies in D → PV decays
In this appendix, we present the topological amplitudes of the D → PV decays. The vector
meson nonet is
|V 〉ij =

1√
2
|ρ0〉+ 1√
6
|ω8〉, |ρ+〉, |K∗+〉
|ρ−〉, − 1√
2
|ρ0〉+ 1√
6
|ω8〉, |K∗0〉
|K∗−〉, |K∗0〉, −√2/3|ω8〉
+ 1√3

|ω1〉, 0, 0
0, |ω1〉, 0
0, 0, |ω1〉
 .(A1)
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FIG. 3: Topological diagrams in the D → PV decays.
In the D → PV mode, there are N = A44 = 24 possible topological diagrams. Amplitude of the
D → PV decay can be written as
ATDADγ→PαVβ = TP (Dγ)i(H)ljk (Pα)ij(Vβ)kl + TV (Dγ)i(H)ljk (Vβ)ij(Pα)kl + CP (Dγ)i(H)jlk (Pα)ij(Vβ)kl
+ CV (Dγ)i(H)
jl
k (Vβ)
i
j(Pα)
k
l + EP (Dγ)i(H)
il
j (Pα)
j
k(Vβ)
k
l + EV (Dγ)i(H)
il
j (Vβ)
j
k(Pα)
k
l
+AP (Dγ)i(H)
li
j (Pα)
j
k(Vβ)
k
l +AV (Dγ)i(H)
li
j (Vβ)
j
k(Pα)
k
l + T
ES
P (Dγ)i(H)
ij
l (Pα)
l
j(Vβ)
k
k
+ TESV (Dγ)i(H)
ij
l (Vβ)
l
j(Pα)
k
k + T
AS
P (Dγ)i(H)
ji
l (Pα)
l
j(Vβ)
k
k + T
AS
V (Dγ)i(H)
ji
l (Vβ)
l
j(Pα)
k
k
+ TLPP (Dγ)i(H)
kl
l (Pα)
i
j(Vβ)
j
k + T
LP
V (Dγ)i(H)
kl
l (Vβ)
i
j(Pα)
j
k + T
LC
P (Dγ)i(H)
jl
l (Pα)
i
j(Vβ)
k
k
+ TLCV (Dγ)i(H)
jl
l (Vβ)
i
j(Pα)
k
k + T
QP
P (Dγ)i(H)
lk
l (Pα)
i
j(Vβ)
j
k + T
QP
V (Dγ)i(H)
lk
l (Vβ)
i
j(Pα)
j
k
+ TQCP (Dγ)i(H)ljl (Pα)ij(Vβ)kk + TQCV (Dγ)i(H)ljl (Vβ)ij(Pα)kk + TLA(Dγ)i(H)ill (Pα)jk(Vβ)kj
+ TLS(Dγ)i(H)
il
l (Pα)
j
j(Vβ)
k
k + T
QA(Dγ)i(H)
li
l (Pα)
j
k(Vβ)
k
j
+ TQS(Dγ)i(H)
li
l (Pα)
j
j(Vβ)
k
k. (A2)
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TABLE III: Decay amplitudes for the Cabibblo-allowed and doubly Cabibbo-suppressed D → PV decays.
channel TDA IRA
D0 → pi+K∗− V ∗csVud(TV + EP ) 2V ∗csVud(2d15 + d6 + 2f15 − f6)
D0 → K−ρ+ V ∗csVud(TP + EV ) 2V ∗csVud(2a15 + a6 + 2c15 − c6)
D0 → pi0K∗0 1√
2
V ∗csVud(CP − EP )
√
2V ∗csVud(−2d15 − d6 + 2c15 + c6)
D0 → K0ρ0 1√
2
V ∗csVud(CV − EV )
√
2V ∗csVud(−2a15 − a6 + 2f15 + f6)
D0 → K0ω8 1√
6
V ∗csVud(CV + EV − 2EP ) 2√6V
∗
csVud(2a15 + a6 − 4d15 − 2d6 + 2f15 + f6)
D0 → K0ω1 1√
3
V ∗csVud(CV + EP + EV + 3TESP )
2√
3
V ∗csVud(2a15 + a6 + 2d15 + d6 + 6b15 + 3b6 + 2f15 + f6)
D0 → η8K∗0 1√
6
V ∗csVud(CP + EP − 2EV ) 2√6V
∗
csVud(2d15 + d6 − 4a15 − 2a6 + 2c15 + c6)
D0 → η1K∗0 1√
3
V ∗csVud(CP + EP + EV + 3TESV )
2√
3
V ∗csVud(2a15 + a6 + 2d15 + d6 + 6e15 + 3e6 + 2c15 + c6)
D+ → pi+K∗0 V ∗csVud(CP + TV ) 2V ∗csVud(2c15 + c6 + 2f15 − f6)
D+ → K0ρ+ V ∗csVud(CV + TP ) 2V ∗csVud(2c15 − c6 + 2f15 + f6)
D+s → pi+ρ0 1√2V
∗
csVud(AP −AV )
√
2V ∗csVud(2d15 − d6 − 2a15 + a6)
D+s → pi0ρ+ 1√2V
∗
csVud(AV −AP )
√
2V ∗csVud(2a15 − a6 − 2d15 + d6)
D+s → pi+ω8 1√6V
∗
csVud(AP +AV − 2TV ) 2√6V
∗
csVud(2a15 − a6 + 2d15 − d6 − 4f15 + 2f6)
D+s → pi+ω1 1√3V
∗
csVud(TV +AP +AV + 3T
AS
P )
2√
3
V ∗csVud(2a15 − a6 + 2d15 − d6 + 6b15 − 3b6 + 2f15 − f6)
D+s → η8ρ+ 1√6V
∗
csVud(AP +AV − 2TP ) 2√6V
∗
csVud(2a15 − a6 + 2d15 − d6 − 4c15 + 2c6)
D+s → η1ρ+ 1√3V
∗
csVud(TP +AP +AV + 3T
AS
V )
2√
3
V ∗csVud(2a15 − a6 + 2d15 − d6 + 6e15 − 3e6 + 2c15 − c6)
D+s → K+K∗0 V ∗csVud(CP +AV ) 2V ∗csVud(2a15 − a6 + 2c15 + c6)
D+s → K0K∗+ V ∗csVud(CV +AP ) 2V ∗csVud(2d15 − d6 + 2f15 + f6)
D0 → pi0K∗0 1√
2
V ∗cdVus(CP − EV )
√
2V ∗cdVus(−2a15 − a6 + 2c15 + c6)
D0 → K0ρ0 1√
2
V ∗cdVus(CV − EP )
√
2V ∗cdVus(−2d15 − d6 + 2f15 + f6)
D0 → pi−K∗+ V ∗cdVus(EV + TP ) 2V ∗cdVus(2a15 + a6 + 2c15 − c6)
D0 → K+ρ− V ∗cdVus(EP + TV ) 2V ∗cdVus(2d15 + d6 + 2f15 − f6)
D0 → K0ω8 1√
6
V ∗cdVus(CV + EP − 2EV ) 2√6V
∗
cdVus(−2a6 + d6 + f6 − 4a15 + 2d15 + 2f15)
D0 → K0ω1 1√
3
V ∗cdVus(CV + EP + EV + 3T
ES
P )
2√
3
V ∗cdVus(2a15 + a6 + 2d15 + d6 + 6b15 + 3b6 + 2f15 + f6)
D0 → η8K∗0 1√
6
V ∗cdVus(CP + EV − 2EP ) 12√6V
∗
cdVus(2c15 + c6 + 2a15 + a6 − 4d15 − 2d6)
D0 → η1K∗0 1√
3
V ∗cdVus(CP + EP + EV + 3T
ES
V )
2√
3
V ∗cdVus(2a15 + a6 + 2d15 + d6 + 6f15 + 3f6 + 2c15 + c6)
D+ → pi+K∗0 V ∗cdVus(CP +AV ) 2V ∗cdVus(2a15 − a6 + 2c15 + c6)
D+ → K0ρ+ V ∗cdVus(CV +AP ) 2V ∗cdVus(2d15 − d6 + 2f15 + f6)
D+ → pi0K∗+ 1√
2
V ∗cdVus(AV − TP )
√
2V ∗cdVus(2a15 − a6 − 2c15 + c6)
D+ → K+ρ0 1√
2
V ∗cdVus(AP − TV )
√
2V ∗cdVus(2d15 − d6 − 2f15 + f6)
D+ → K+ω8 1√
6
V ∗cdVus(TV +AP − 2AV ) 2√6V
∗
cdVus(−4a15 + 2a6 + 2d15 − d6 + 2f15 − f6)
D+ → K+ω1 1√
3
V ∗cdVus(TV +AP +AV + 3T
AS
P )
2√
3
V ∗cdVus(2a15 − a6 + 2d15 − d6 + 6b15 − 3b6 + 2f15 − f6)
D+ → η8K∗+ 1√
6
V ∗cdVus(TP − 2AP +AV ) 2√6V
∗
cdVus(2a15 − a6 − 4d15 + 2d6 + 2c15 − c6)
D+ → η1K∗+ 1√
3
V ∗cdVus(TP +AP +AV + 3T
AS
V )
2√
3
V ∗cdVus(2a15 − a6 + 2d15 − d6 + 6e15 − 3e6 + 2c15 − c6)
D+s → K+K∗0 V ∗cdVus(CP + TV ) 2V ∗cdVus(2c15 + c6 + 2f15 − f6)
D+s → K0K∗+ V ∗cdVus(CV + TP ) 2V ∗cdVus(2c15 − c6 + 2f15 + f6)
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TABLE IV: Decay amplitudes for the Singly Cabibblo-suppressed D0 → PV decays.
channel TDA IRA
D0 → pi+ρ− λd(TV + EP )− λb(ALPV +ALA) (3λd − λs)(d15 + f15) + (λd − λs)(d6 − f6)
−λb(a3 + f3 − 2a15)
D0 → pi−ρ+ λd(TP + EV )− λb(ALPP +ALA) (3λd − λs)(a15 + c15) + (λd − λs)(a6 − c6)
−λb(a3 + d3 − 2d15)
D0 → pi0ρ0 1
2
λd(EP + EV − CP − CV ) 12 (3λd − λs)(a15 + d15 − c15 − f15)
− 1
2
λb(A
LP
P +A
LP
V + 2A
LA) +(λd − λs)(a6 + d6 − c6 − f6)
− 1
2
λb(2a3 + d3 + f3 − 2(a15 + d15 + d15 + f15))
D0 → pi0ω8 − 1
2
√
3
λd(EP + EV − CP + CV ) − 12√3λb(d3 + f3 − 2(a15 + d15 + c15 + f15))
− 1√
3
λsCP − 12√3λb(A
LP
P +A
LP
V ) − 12√3 (3λd − λs)(a15 + d15 − c15 + f15)
− 1√
3
(3λs − λd)c15 − 1√3 (λd − λs)(a6 + d6 − 3c6 + f6)
D0 → pi0ω1 1√
6
λd(CP − CV − EP − EV − 3TESP ) − 1√6λb(3c3 + d3 + f3 − 2(a15 + d15 + 3b15 + c15 + f15))
+ 1√
6
λsCP − 1√6λb(A
LP
P +A
LP
V + 3A
LC
P ) − 1√6 (3λd − λs)(a15 + d15 − c15 + f15 + 3b15)
+ 1√
6
(3λs − λd)c15 − 1√6 (λd − λs)(a6 + d6 + f6 + 3b6)
D0 → η8ρ0 − 1
2
√
3
λd(EP + EV + CP − CV )− 1√3λsCV −
1
2
√
3
λb(d3 + f3 − 2(a15 + d15 + c15 + f15))
− 1
2
√
3
λb(A
LP
P +A
LP
V ) − 12√3 (3λd − λs)(a15 + d15 + c15 − f15)
− 1√
3
(3λs − λd)f15 − 1√3 (λd − λs)(a6 + d6 + c6 − 3f6)
D0 → η1ρ0 1√
6
λd(CV − CP − EP − EV − 3TESV ) − 1√6λb(3e3 + d3 + f3 − 2(a15 + d15 + 3e15 + c15 + f15))
+ 1√
6
λsCV − 1√6λb(A
LP
P +A
LP
V + 3A
LC
V ) − 1√6 (3λd − λs)(a15 + d15 + c15 − f15 + 3e15)
+ 1√
6
(3λs − λd)f15 − 1√6 (λd − λs)(a6 + d6 + f6 + 3e6)
D0 → K+K∗− λs(TV + EP )− λb(ALPV +ALA) −λb(a3 + f3 − 2a15) + (3λs − λd)(d15 + f15)
−(λd − λs)(d6 − f6)
D0 → K−K∗+ λs(TP + EV )− λb(ALPP +ALA) −λb(a3 + d3 − 2d15) + (3λs − λd)(a15 + c15)
−(λd − λs)(a6 − c6)
D0 → K0K∗0 λdEV + λsEP − λbALA −λba3 + (3λd − λs)a15 + (3λs − λd)d15
+(λd − λs)(a6 − d6)
D0 → K0K∗0 λdEP + λsEV − λbALA −λba3 + (3λd − λs)d15 + (3λs − λd)a15
−(λd − λs)(a6 − d6)
D0 → η8ω8 16λd(CP + CV + EP + EV )− 13λs(CP + CV − 16λb(6a3 + d3 + f3 − 2(a15 + d15 + c15 + f15))
−2EP − 2EV )− 16λb(ALPP +ALPV + 6ALA) −(λd − λs)(a6 + d6 − c6 − f6) + 16 (3λd − λs)(a15 + d15
+c15 + f15) +
1
3
(3λs − λd)(2a15 + 2d15 − c15 − f15)
D0 → η8ω1 1
3
√
2
λd(CP + CV + EP + EV + 3T
ES
P )+ − 13√2λb(3c3 + d3 + f3 − 2(a15 + d15 + 3b15 + c15 + f15))
1
3
√
2
λs(CP − 2CV − 2EP − 2EV − 6TESP ) + 1√2 (λd − λs)(a6 + d6 + 3b6 + f6)
− 1
3
√
2
λb(A
LP
P +A
LP
V + 3A
LC
P ) +
1
3
√
2
(3λd − λs)(a15 + d15 + 3b15 + c15 + f15)
− 1
3
√
2
(3λs − λd)(2a15 + 2d15 + 6b15 − c15 + 2f15)
D0 → η1ω8 1
3
√
2
λd(CP + CV + EP + EV + 3T
ES
V )+ − 13√2λb(3e3 + d3 + f3 −
1
4
(a15 + d15 + 3e15 + c15 + f15))
1
3
√
2
λs(CV − 2CP − 2EP − 2EV − 6TESV ) + 1√2 (λd − λs)(a6 + d6 + 3f6 + c6)
− 1
3
√
2
λb(A
LP
P +A
LP
V + 3A
LC
V ) +
1
3
√
2
(3λd − λs)(a15 + d15 + 3e15 + c15 + f15)
− 1
3
√
2
(3λs − λd)(2a15 + 2d15 + 6e15 + 2c15 − f15)
D0 → η1ω1 − 13λb(CP + CV + EP + EV + 3TESP + 3TESV − 13λb(3a3 + 9b3 + 3c3 + 3e3 + d3 + f3)
+ALPP +A
LP
V + 3A
LA + 3ALCP + 3A
LC
V + 9A
LS)
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TABLE V: Decay amplitudes for the singly Cabibblo-suppressed D+(s) → PV decays.
channel TDA IRA
D+ → pi+ρ0 − 1√
2
λd(TV + CP −AP +AV ) − 1√2 (3λd − λs)(a15 − d15 + c15 + f15)
− 1√
2
λb(A
LP
P −ALPV ) + 1√2 (λd − λs)(a6 − d6 − c6 + f6)−
1√
2
λb(d3 − f3 − 2c15)
D+ → pi0ρ+ − 1√
2
λd(TP + CV +AP −AV ) 1√2 (3λd − λs)(a15 − d15 − c15 − f15)
− 1√
2
λb(A
LP
V −ALPP ) − 1√2 (λd − λs)(a6 − d6 − c6 + f6)−
1√
2
λb(f3 − d3 − 2f15)
D+ → pi+ω8 1√
6
λd(TV + CP +AP +AV ) − 1√6λb(d3 + f3 − 2c15) +
1√
6
(3λd − λs)(a15 + d15 + c15 + f15)
− 2√
6
λsCP − 1√6λb(A
LP
P +A
LP
V ) − 2√6 (3λs − λd)c15 −
1√
6
(λd − λs)(a6 + d6 − 3c6 + f6)
D+ → pi+ω1 1√
3
λd(TV + CP +AP +AV + 3T
AS
P ) − 1√3λb(3c3 + d3 + f3 − 2c15)−
1√
6
(λd − λs)(a6 + d6 + 3b6 + f6)
+ 1√
3
λsCP − 1√3λb(A
LP
P +A
LP
V + 3A
LC
P ) +
1√
3
(3λd − λs)(a15 + d15 + 3b15 + c15 + f15) + 1√3 (3λs − λd)c15
D+ → η8ρ+ 1√
6
λd(TP + CV +AP +AV ) − 1√6λb(d3 + f3 − 2f15) +
1√
6
(3λd − λs)(a15 + d15 + c15 + f15)
− 2√
6
λsCV − 1√6λb(A
LP
P +A
LP
V ) − 2√6 (3λs − λd)f15 −
1√
6
(λd − λs)(a6 + d6 + c6 − 3f6)
D+ → η1ρ+ 1√
3
λd(TP + CV +AP +AV + 3T
AS
V ) − 1√3λb(3e3 + d3 + f3 − 2f15)−
1√
6
(λd − λs)(a6 + d6 + 3e6 + c6)
+ 1√
3
λsCV − 1√3λb(A
LP
P +A
LP
V + 3A
LC
V ) +
1√
3
(3λd − λs)(a15 + d15 + 3e15 + c15 + f15) + 1√3 (3λs − λd)f15
D+ → K+K∗0 λdAV + λsTV − λbALPV −λbf3 + (3λd − λs)a15 + (3λs − λd)f15 − (λd − λs)(a6 − f6)
D+ → K0K∗+ λdAP + λsTP − λbALPP −λbd3 + (3λd − λs)d15 + (3λs − λd)c15 − (λd − λs)(d6 − c6)
D+s → pi+K∗0 λdTV + λsAV − λbALPV −λbf3 + (3λd − λs)f15 + (3λs − λd)a15 + (λd − λs)(a6 − f6)
D+s → K0ρ+ λdTP + λsAP − λbALPP −λbd3 + (3λd − λs)c15 + (3λs − λd)d15 + (λd − λs)(d6 − c6)
D+s → pi0K∗+ − 1√2 (λdCV − λsAV + λbA
LP
V ) − 1√2 (3λd − λs)f15 +
1√
2
(3λs − λd)a15
+ 1√
2
(λd − λs)(a6 − f6)− 1√2λb(f3 − 2f15)
D+s → K+ρ0 − 1√2 (λdCP − λsAP + λbA
LP
P ) − 1√2 (3λd − λs)c15 +
1√
2
(3λs − λd)d15
+ 1√
2
(λd − λs)(d6 − c6)− 1√2λb(d
t
3 − 14 c15)
D+s → K+ω8 − 1√6λs(2TV + 2CP −AP + 2AV ) −
1√
6
λb(d3 − 2f3 − 2c15)− 1√6 (λd − λs)(2a6 − d6 − 3c6 + 2f6)
+ 1√
6
λdCP − 1√6λb(A
LP
P − 2ALPV ) + 1√6 (3λd − λs)c15 −
1√
6
(3λs − λd)(2a15 − d15 + 2c15 + 2f15)
D+s → K+ω1 1√3λs(TV + CP +AP +AV + 3T
AS
P ) − 1√3λb(3c3 + d3 + f3 − 2c15) +
1√
3
(3λd − λs)c15
+ 1√
3
λdCP − 1√3λb(A
LP
P +A
LP
V + 3A
LC
P ) +
1√
3
(3λs − λd)(a15 + d15 + 3b15 + c15 + f15)
+ 1√
3
(λd − λs)(a6 + d6 + 3b6 + f6)
D+s → η8K∗+ − 1√6λs(2TP + 2CV −AV + 2AP ) −
1√
6
λb(f3 − 2d3 − 14f15)− 1√6 (λd − λs)(2d6 − a6 − 3f6 + 2c6)
+ 1√
6
λdCV − 1√6λb(A
LP
V − 2ALPP ) + 1√6 (3λd − λs)f15 −
1√
6
(3λs − λd)(2d15 − a15 + 2c15 + 2f15)
D+s → η1K∗+ 1√3λs(TP + CV +AP +AV + 3T
AS
V ) − 1√3λb(3e3 + d3 + f3 − 2f15) +
1√
3
(λd − λs)(a6 + d6 + 3e6 + c6)
+ 1√
3
λdCV − 1√3λb(A
LP
P +A
LP
V + 3A
LC
V ) +
1√
3
(3λd − λs)f15 + 1√3 (3λs − λd)(a15 + d15 + 3e15 + c15 + f15)
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The topological diagrams in the D → PV decays are showed in Fig. 3. The SU(3) irreducible
amplitude of the D → PV decay is
AIRADγ→PαVβ =
a6(Dγ)i(H(6))
ij
k (Pα)
l
j(Vβ)
k
l + d6(Dγ)i(H(6))
ij
k (Vβ)
l
j(Pα)
k
l + b6(Dγ)i(H(6))
ij
k (Pα)
k
j (Vβ)
l
l
+ e6(Dγ)i(H(6))
ij
k (Vβ)
k
j (Pα)
l
l + c6(Dγ)i(H(6))
jl
k (Pα)
i
j(Vβ)
k
l + f6(Dγ)i(H(6))
jl
k (Vβ)
i
j(Pα)
k
l
+ a15(Dγ)i(H(15))
ij
k (Pα)
l
j(Vβ)
k
l + d15(Dγ)i(H(15))
ij
k (Vβ)
l
j(Pα)
k
l + b15(Dγ)i(H(15))
ij
k (Pα)
k
j (Vβ)
l
l
+ e15(Dγ)i(H(15))
ij
k (Vβ)
k
j (Pα)
l
l + c15(Dγ)i(H(15))
jl
k (Pα)
i
j(Vβ)
k
l + f15(Dγ)i(H(15))
jl
k (Vβ)
i
j(Pα)
k
l
+ ap3(Dγ)i(H(3p))
i(Pα)
k
j (Vβ)
j
k + b
p
3(Dγ)i(H(3p))
i(Pα)
k
k(Vβ)
j
j + c
p
3(Dγ)i(H(3p))
k(Pα)
i
k(Vβ)
j
j
+ ep3(Dγ)i(H(3p))
k(Vβ)
i
k(Pα)
j
j + d
p
3(Dγ)i(H(3p))
k(Pα)
i
j(Vβ)
j
k + f
p
3 (Dγ)i(H(3p))
k(Vβ)
i
j(Pα)
j
k
+ at3(Dγ)i(H(3t))
i(Pα)
k
j (Vβ)
j
k + b
t
3(Dγ)i(H(3t))
i(Pα)
k
k(Vβ)
j
j + c
t
3(Dγ)i(H(3t))
k(Pα)
i
k(Vβ)
j
j
+ et3(Dγ)i(H(3t))
k(Vβ)
i
k(Pα)
j
j + d
t
3(Dγ)i(H(3t))
k(Pα)
i
j(Vβ)
j
k
+ f t3(Dγ)i(H(3t))
k(Vβ)
i
j(Pα)
j
k. (A3)
The relations between topological amplitudes and the irreducible amplitudes are
a6 =
EV −AV
4
, b6 =
TESP − TASP
4
, c6 =
−TP + CP
4
, d6 =
EP −AP
4
,
e6 =
TESV − TASV
4
, f6 =
−TV + CV
4
, a15 =
EV +AV
8
, b15 =
TESP + T
AS
P
8
,
c15 =
TP + CP
8
, d15 =
EP +AP
8
, e15 =
TESV + T
AS
V
8
, f15 =
TV + CV
8
,
at3 =
3
8
EP − 1
8
AP +
3
8
EV − 1
8
AV + T
LA, ap3 = −
1
8
EP +
3
8
AP − 1
8
EV +
3
8
AV + T
QA,
bt3 =
3
8
TESP −
1
8
TASP +
3
8
TESV −
1
8
TASV + T
LS , bp3 = −
1
8
TESP +
3
8
TASP −
1
8
TESV +
3
8
TASV + T
QS ,
ct3 = −
1
8
TP +
3
8
CP − 1
8
TESP +
3
8
TASP + T
LC
P , c
p
3 =
3
8
TP − 1
8
CP +
3
8
TESP −
1
8
TASP + T
QC
P ,
dt3 =
3
8
TP − 1
8
CP − 1
8
EP +
3
8
AP + T
LP
P , d
p
3 = −
1
8
TP +
3
8
CP +
3
8
EP − 1
8
AP + T
QP
P ,
et3 = −
1
8
TV +
3
8
CV − 1
8
TESV +
3
8
TASV + T
LC
V , e
p
3 =
3
8
TV − 1
8
CV +
3
8
TESV −
1
8
TASV + T
QC
V ,
f t3 =
3
8
TV − 1
8
CV − 1
8
EV +
3
8
AV + T
LP
V , f
p
3 = −
1
8
TV +
3
8
CV +
3
8
EV − 1
8
AV + T
QP
V . (A4)
Similar to the D → PP decay, the irreducible amplitude c6 in the D → PV decay can be absorbed
into a6, b6, d6, e6, f6 with following redefinition:
a′6 = a6 − c6, b′6 = b6 + c6, d′6 = d6 − c6, e′6 = e6 + c6, f ′6 = f6 − c6. (A5)
Similarly to Eqs. (64) and (65), all the penguin-operator-induced amplitudes of the D → PV
modes in the SM can be absorbed into six parameters in both IRA and TDA approaches with
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following redefinitions.
IRA:
a3 = a
t
3 + Pa
t
3 + 3Pa
p
3, b3 = b
t
3 + Pb
t
3 + 3Pb
p
3, c3 = c
t
3 + Pc
t
3 + 3Pc
p
3,
d3 = d
t
3 + Pd
t
3 + 3Pd
p
3, e3 = e
t
3 + Pe
t
3 + 3Pe
p
3, f3 = f
t
3 + Pf
t
3 + 3Pf
p
3 . (A6)
TDA:
ALA = TLA + PA+ PLAP + P
LA
V + 3P
QA, ALS = TLS + PASP + P
AS
V + P
LS + 3PQS ,
ALCP = T
LC
P + PTP + P
ES
P + P
LC
P + 3P
QC
P , A
LP
P = T
LP
P + PCP + PEP + P
LP
P + 3P
QP
P ,
ALCV = T
LC
V + PTV + P
ES
V + P
LC
V + 3P
QC
V , A
LP
V = T
LP
V + PCV + PEV + P
LP
V + 3P
QP
V . (A7)
The tree- and penguin-operator-induced amplitudes of all the D → PV modes are listed in Ta-
bles. III, IV and V.
Appendix B: SU(3) decomposition in b quark decays
In this appendix, we discuss the SU(3) decomposition of the non-leptonic b decays. The explicit
SU(3) decomposition of operator Okij in the charm-less B decay, similar to Eq. (27), is
Okij =
1
8
O(15)kij +
1
4
O(6)kij + δ
k
j
(3
8
O(3)i − 1
8
O(3′)i
)
+ δki
(3
8
O(3′)j − 1
8
O(3)j
)
, (B1)
in which O(6)kij = ijlO(6)
kl. To compare with literature, we use the convention that index i of
Okij presents quark qi produces in the effective vertex connecting with b quark line, and indices
j and k present quark qj and anti-quark q
k produce in the other effective vertex. Notice that
this convention is different from the convention in the charm decay. All components of the SU(3)
irreducible presentation are listed following.
3 presentation:
O(3)1 = (u¯b)(u¯u) + (u¯b)(d¯d) + (u¯b)(s¯s), O(3)2 = (d¯b)(u¯u) + (d¯b)(d¯d) + (d¯b)(s¯s),
O(3)3 = (s¯b)(u¯u) + (s¯b)(d¯d) + (s¯b)(s¯s). (B2)
3′ presentation:
O(3′)1 = (u¯b)(u¯u) + (d¯b)(u¯d) + (s¯b)(u¯s), O(3′)2 = (u¯b)(d¯u) + (d¯b)(d¯d) + (s¯b)(d¯s),
O(3′)3 = (u¯b)(s¯u) + (d¯b)(s¯d) + (s¯b)(s¯s). (B3)
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6 presentation:
O(6)11 = 2[(d¯b)(s¯u)− (s¯b)(d¯u)], O(6)22 = 2[(s¯b)(u¯d)− (u¯b)(s¯d)],
O(6)33 = 2[(u¯b)(d¯s)− (d¯b)(u¯s)],
O(6)12 = −[(u¯b)(s¯u)− (s¯b)(u¯u) + (s¯b)(d¯d)− (d¯b)(s¯d)],
O(6)23 = −[(d¯b)(u¯d)− (u¯b)(d¯d) + (u¯b)(s¯s)− (s¯b)(u¯s)],
O(6)31 = −[(s¯b)(d¯s)− (d¯b)(s¯s) + (d¯b)(u¯u)− (u¯b)(d¯u)]. (B4)
15 presentation:
O(15)111 = 4((u¯b)u¯u)− 2[(s¯b)(u¯s) + (d¯b)(u¯d) + (u¯b)(d¯d) + (u¯b)(s¯s)],
O(15)222 = 4(d¯b)(d¯d)− 2[(u¯b)(d¯u) + (s¯b)(d¯s) + (d¯b)(u¯u) + (d¯b)(s¯s)],
O(15)333 = 4(s¯b)(s¯s)− 2[(u¯b)(s¯u) + (d¯b)(s¯d) + (s¯b)(u¯u) + (s¯b)(d¯d)],
O(15)132 = 4[(s¯b)(d¯u) + (d¯b)(s¯u)], O(15)
2
31 = 4[(u¯b)(s¯d) + (s¯b)(u¯d)],
O(15)321 = 4[(d¯b)(u¯s) + (u¯b)(d¯s)],
O(15)211 = 8(u¯b)(u¯d), O(15)
3
11 = 8(u¯b)(u¯s), O(15)
1
22 = 8(d¯b)(d¯u),
O(15)322 = 8(d¯b)(d¯s), O(15)
1
33 = 8(s¯b)(s¯u), O(15)
2
33 = 8(s¯b)(s¯d),
O(15)112 = 3[(d¯b)(u¯u) + (u¯b)(d¯u)]− 2(d¯b)(d¯d)− [(s¯b)(d¯s) + (d¯b)(s¯s)],
O(15)221 = 3[(d¯b)(u¯d) + (u¯b)(d¯d)]− 2(u¯b)(u¯u)− [(s¯b)(u¯s) + (u¯b)(s¯s)],
O(15)113 = 3[(s¯b)(u¯u) + (u¯b)(s¯u)]− 2(s¯b)(s¯s)− [(d¯b)(s¯d) + (s¯b)(d¯d)],
O(15)331 = 3[(s¯b)(u¯s) + (u¯b)(s¯s)]− 2(u¯b)(u¯u)− [(d¯b)(u¯d) + (u¯b)(d¯d)],
O(15)223 = 3[(s¯b)(d¯d) + (d¯b)(s¯d)]− 2(s¯b)(s¯s)− [(u¯b)(s¯u) + (s¯b)(u¯u)],
O(15)332 = 3[(s¯b)(d¯s) + (d¯b)(s¯s)]− 2(d¯b)(d¯d)− [(u¯b)(d¯u) + (d¯b)(u¯u)]. (B5)
There are two tree operators without c quark contributing to the charm-less B decay in the SM:
O
(0)1
12 = (u¯b)(d¯u) for ∆S = 0 transition, and O
(0)1
13 = (u¯b)(s¯u) for ∆S = −1 transition. According
to Eq. (B1), O
(0)1
12 is decomposed to be
O
(0)1
12 =
3
8
O(0)(3′)2 − 1
8
O(0)(3)2 +
1
4
O(0)(6)112 +
1
8
O(0)(15)112
=
1
8
{
3[(u¯b)(d¯u) + (d¯b)(d¯d) + (s¯b)(d¯s)]3′ − [(d¯b)(u¯u) + (d¯b)(d¯d) + (d¯b)(s¯s)]3
− [(s¯b)(d¯s)− (d¯b)(s¯s) + (d¯b)(u¯u)− (u¯b)(d¯u)]6
+
[
3[(d¯b)(u¯u) + (u¯b)(d¯u)]− 2(d¯b)(d¯d)− [(s¯b)(d¯s) + (d¯b)(s¯s)]]
15
}
. (B6)
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O
(0)1
13 is decomposed to be
O
(0)1
13 =
3
8
O(0)(3′)3 − 1
8
O(0)(3)3 +
1
4
O(0)(6)113 +
1
8
O(0)(15)113
=
1
8
{
3[(u¯b)(s¯u) + (d¯b)(s¯d) + (s¯b)(s¯s)]3′ − [(s¯b)(u¯u) + (s¯b)(d¯d) + (s¯b)(s¯s)]3
− [(s¯b)(u¯u)− (u¯b)(s¯u) + (d¯b)(s¯d)− (s¯b)(d¯d)]6
+
[
3[(s¯b)(u¯u) + (u¯b)(s¯u)]− 2(s¯b)(s¯s)− [(d¯b)(s¯d) + (s¯b)(d¯d)]]
15
}
. (B7)
Eqs. (B6) and (B7) are consistent with the results in Refs. [47, 51]2. The non-zero CKM components
of the SU(3) irreducible representation in the b→ d transition are
(H(0)(3′))2 = VubV ∗ud, (H
(0)(6))31 = VubV
∗
ud, (H
(0)(15))121 = 3VubV
∗
ud,
(H(0)(15))222 = −2VubV ∗ud, (H(0)(15))323 = −VubV ∗ud. (B9)
Notice that (H(0)(3))2 is zero because the operator O(0)(3)2 does not have (u¯b)(d¯u) constituent ac-
cording to Eq. (28), and hence (H(0)(3))2 6= (H(0)(3′))2. Similarly, the non-zero CKM components
of the SU(3) irreducible representation in the b→ s transition are
(H(0)(3′))3 = VubV ∗us, (H
(0)(6))12 = VubV
∗
us, (H
(0)(15))131 = 3VubV
∗
us,
(H(0)(15))333 = −2VubV ∗us, (H(0)(15))322 = −VubV ∗us. (B10)
And again, (H(0)(3))3 = 0 and (H(0)(3))3 6= (H(0)(3′))3.
There are six penguin operators without c quark contributing to the charm-less B decay in
the SM: O
(1)1
21 = (d¯b)(u¯u), O
(1)2
22 = (d¯b)(d¯d), O
(1)3
23 = (d¯b)(s¯s) in the ∆S = 0 transition, and
O
(1)1
31 = (s¯b)(u¯u), O
(1)2
32 = (s¯b)(d¯d), O
(1)3
33 = (s¯b)(s¯s) in the ∆S = −1 transition. The non-zero
CKM components of the SU(3) irreducible representation in the ∆S = 0 transition are
(H(1)(3))2 = −3VtbV ∗td, (H(1)(3′))2 = −VtbV ∗td. (B11)
The non-zero CKM components in the SU(3) irreducible representation in the ∆S = −1 transition
are
(H(1)(3))3 = −3VtbV ∗ts, (H(1)(3′))3 = −VtbV ∗ts. (B12)
2 The SU(3) decomposition of Okij given by Ref. [91] is
Okij =
1
8
O(15)kij +
1
4
O(6)kij − 1
8
δkjO(3)i +
3
8
δki O(3
′)j . (B8)
However, it is not consistent with Eq. (B6). If we set i = 1, j = 2, k = 1 in Eq. (B8), the coefficient of O(3) is
zero but not −1/8. Similarly, Eq. (B8) is not consistent with Eq. (B7) either.
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In subsection IV C, we stress that operator Okij is not enough to describe the charm-less B
decay because Okij cannot include c-quark loop. To give a complete description of the charm-
less B decay, Occi and O
c
ic should be included. Operators O
c
ci and O
c
ic are the SU(3) irreducible
representations themselves, O(3′′)i = Occi and O(3
′′′)i = Ocic. There are two tree operators with c
quark contributing to the charm-less B decay in the SM: O
(0)c
c2 = (c¯b)(dc) for the ∆S = 0 transition
and O
(0)c
c3 = (c¯b)(sc) for the ∆S = −1 transition. The non-zero CKM components induced by O(0)cc2
and O
(0)c
c3 in the SU(3) irreducible representation are
(H(0)(3′′))2 = VcbV ∗cd, (H
(0)(3′′))3 = VcbV ∗cs. (B13)
There are two penguin operators with c quark contributing to the charm-less B decay in the SM:
O
(1)c
2c = (d¯b)(cc) for the ∆S = 0 transition and O
(1)c
3c = (s¯b)(cc) for the ∆S = −1 transition. The
non-zero CKM components induced by O
(1)c
2c and O
(1)c
3c in the SU(3) irreducible representation are
(H(1)(3′′′))2 = −VtbV ∗td, (H(1)(3′′′))3 = −VtbV ∗ts. (B14)
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